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Abstract. In this paper, we study geometric points in tensor triangular ge-
ometry. In doing so, we construct a counter-example to Balmer’s Nerves of
Steel conjecture using free constructions in higher Zariski geometry. We then
go on to introduce and discuss constructible spectra in the context of tensor
triangular geometry. For tensor triangulated categories satisfying a mild en-
hancement condition, we use these spectra to construct geometric incarnations
of (homological or triangular) primes via maps to “pointlike” tensor triangu-
lated categories.
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1. Introduction

1.A. Context and main results. Hilbert’s Nullstellensatz led to the idea that
the prime ideals of a commutative ring R should correspond to the points of the
affine scheme Spec(R), thus forming the origin of modern algebraic geometry. One
categorical level up, tensor triangular geometry aims to develop an analogous geo-
metric theory by replacing commutative rings by tensor triangulated categories
(henceforth, tt-categories), see [Bal05; Aok+25]. The role of the Zariski spectrum
for a tt-category C is played by the Balmer spectrum Spc(C), which is built from
prime tt-ideals in C together with a suitable topology akin to the Zariski topology.
This motivates the question, first raised in [Bal10b]:

So, what are tt-fields?

Specifically, this calls for a definition of a theory of fields in tensor triangular
geometry which allows us to realize the points of the spectrum of any tensor tri-
angulated category C geometrically, i.e., through residue functors C → F. The
minimal desiderata therefore are to give a definition of tt-fields such that:
(†) If F is a tt-field, then the spectrum Spc(F) = ∗ is a single point.
(‡) For every prime P ∈ C, there exists a tt-functor C→ FP whose image on spectra
is precisely {P}.
These are the two conditions singled out by Balmer in [Bal10b, Section 4.3], but
as noted there, we emphasize that both of them require sharpening: For instance,
the first one does not rule out nil-extensions of fields, while the second one should
be strengthened to a uniqueness statement up to a suitable equivalence relation.

Unfortunately, such a general theory of tt-fields remains elusive and various
attempts at partial solutions have been considered. Guided by classical examples
from commutative algebra, homotopy theory, and modular representation theory,
two closely related definitions of tt-field were proposed in [Bal10b] and [BKS19].
While both of them satisfy Desideratum (†), it is much harder to verify (‡) for
these. In particular, we construct an example Proposition 2.31 that shows that the
two proposed definitions of tt-fields given in [Bal10b] and [BKS19] do not coincide,
and for which (‡) fails, at least if we are using the definition proposed in [BKS19].
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Changing perspective and restricting attention to rigid tt-categories, Balmer,
Krause, and Stevenson [BKS19] relaxed the condition that the residue fields be
tt-categories to instead study homological functors from C to abelian residue fields.
In a series of papers [Bal20b; Bal20a; BC21], this idea has been developed into
a theory of homological spectrum Spch(C), homological primes, and homological
support, paralleling the triangular theory from [Bal05]. In particular, Balmer shows
that there is a surjective map

ϕ : Spch(C) ↠ Spc(C),
and that every homological prime B ∈ Spch(C) is detected by an abelian residue
field. In addition, he proves an abstract nilpotence theorem for C based on Spch C.
Since Spc(C) parametrized thick tensor ideals of C, from an abstract point of view
the map ϕ expresses a formal relationship between a nilpotence theorem and a thick
ideal theorem for C. Inspired by a broad variety of examples, the next conjecture
reconciles the two points of view:
Conjecture (Balmer’s Nerves of Steel Conjecture). For any rigid tt-category C the
comparison map ϕ : Spch(C) ↠ Spc(C) is bijective.

Besides it significance in the aforementioned program to construct residue fields
in tt-geometry, this conjecture would also have other important applications, as re-
viewed in Section 2. The conjecture is known in all examples in which the spectrum
has been computed (see e.g., [Bal20b, Section 5]) and enjoys a number of strong
permanence (such as descent) properties [BHS23; Bar+26]. Despite this evidence,
our first main result (Theorem 5.7) disproves the Nerves of Steel conjecture:
Theorem A. The Nerves of Steel Conjecture is false. More precisely, the com-
parison map ϕ fails to be injective for the free rigid commutative 2-ring A1,+ on a
pointed object.

The key ingredients in the proof of this result are a generalized version of the
1-dimensional cobordism hypothesis and Deligne’s semisimplicity theorem for his
categories Rep(GLt).

In light of the disproof of the Nerves of Steel conjecture, our second main objec-
tive in this paper is a different approach to the constructing of residue objects in tt-
geometry. Based on the notion of Nullstellensatzian object introduced in [BSY22],
we construct a hierarchy of constructible spectra Speccons

En
(C) for 1 ≤ n ≤ ∞ along

with suitable comparison maps to the homological spectrum of C, provided the
tt-category C admits a suitable enhancement as a rigid Em-2-ring for 1 ≤ n < m.

As a first proof of concept, for rational rigid commutative 2-rings C, we show that
Nullstellensatzian categories supply a satisfactory theory of residue fields. Gener-
alizing prior work of Mathew [Mat17] in the Noetherian case, Corollary 7.11 states:
Theorem B. If R is a rational E∞-ring, then Perf(R) has enough tt-fields, and
points in the homological spectrum of Perf(R) are all witnessed by maps from R
into rational 2-periodic fields.

As one application, we deduce that for any module over a rational E∞-ring R, its
naive homological support agrees with the genuine one, answering a question from
[Bar+26] in this case. The perspective employed in the proof of Theorem B will
also lead to a verification of the rational (in fact: finite height) monogenic Nerves
of Steel conjecture in work in progress by Burklund and separately Chedalavada.
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Returning to the general case, the theory of En-constructible spectra we develop
along with an elaboration on Burklund’s multiplicative structure theorem ([Bur22])
leads to the next result. It says that, as long as the given tt-category has a suitably
structured enhancement, every point in its homological spectrum is “geometric”,
that is, detected by a tt-category whose homological spectrum is a single point:
Theorem C. Let C be a rigid tt-category which admits an enhancement and let
m ∈ Spch(C) be a homological prime. Then there exists a tt-functor C → K to a
rigid tt-category K such that
(a) Spch(K) = ∗ a single point,
(b) and such that the map Spch(K)→ Spch(C) has image exactly {m}.

As a consequence, we deduce that the residue tt-functors constructed in Theo-
rem C satisfy the desiderata (†) and (‡). However, we caution the reader that, as
we will explain, the constructions that go into the proof of this theorem are not yet
sufficient to supply a fully satisfying theory of fields in tt-geometry.

1.B. Methodology.

Free constructions and the counterexample to the Nerves of Steel conjecture. The
starting point for our disproof of the Nerves of Steel conjecture is the exact nilpo-
tence condition, due to Balmer [Bal20a, Theorem A.1] and the second-named author
[Hys26]. This condition holding for all localizations of a given rigid tt-category is
equivalent to the Nerves of Steel conjecture for said category but, since it does not
make reference to the homological spectrum, it also makes sense outside the rigid
context. The main theorem of [Hys26] shows that it fails for the free (non-rigid)
commutative 2-ring on a pointed object. Our strategy is to adapt this approach to
the rigid context, which poses substantial additional difficulties.

There is a free rigid commutative 2-ring A1,+ on a pointed object, as well as a
free rigid commutative 2-ring A1 on an object. The category A1 plays the role of
the affine line in higher Zariski geometry [Aok+25], in that it represents the global
sections functor. To make our lives easier, we will implicitly assume that A1,+ (resp.
A1) is rational, working with the free rigid commutative 2-ring on a pointed object
(resp. on an object) over the derived category of the rationals Db(Q).

In contrast to the non-rigid case, A1 and A1,+ are not local and have very large
Balmer spectra, see Corollary 3.10 and Corollary 4.10 for a description of many
points of A1. In particular, if we wish to study the exact-nilpotence condition, we
must content ourselves with attempting to study some of their localizations. This
applies, in particular, to a certain generic point η of A1 and likewise for A1,+.

Now taking the free pointed object to the pointed object 1
0−→ X induces a

tt-functor can : A1,+ → A1. In order to analyze this functor as well as the cate-
gories it relates, we will make use of the 1-dimensional cobordism hypothesis due
to Lurie ([Lur08], see also [Har12]) and its (forthcoming) generalization by Barkan–
Steinebrunner [BS]. It provides identifications

A1 = Fun((Cob)op,D(Q))ω and A1,+ = Fun((Cob+)op,D(Q))ω,

resulting in a ‘generators and relations descriptions’ of these categories. In par-
ticular, in Section 4 we are able to relate A1 to Deligne’s category Rep(GLt) (see
[Del07] and recalled in Appendix A) and use his semisimplicity theorem. The key
structural features we establish are summarized in the following result, collecting
Theorem 4.6 and Proposition 5.1:
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Theorem D. The functor can extends to a tt-functor canη : A1,+
η → A1

η on generic
points. Moreover, we have:
(a) The functor canη : A1,+

η → A1
η is conservative.

(b) The tt-category A1
η is a semisimple tt-field.

As explained at the end of Section 5, this theorem suffices to conclude that
the exact-nilpotence condition fails for A1,+

η , for the (image of the) universal fiber
sequence Y → 1→ X, thereby proving Theorem A.

E∞-constructible spectra and the rational case. The drawbacks of the known notions
of residue fields in tt-geometry—as exhibited above—lead us to a novel approach,
which is formulated in the setting of higher Zariski geometry [Aok+25]. This re-
quires that the tt-category under consideration admits a suitable enhancement, i.e.,
arises as the homotopy category of a commutative 2-ring2. Since all tt-categories
in nature are of this form and because the salient operations preserve the enhance-
ment, we view this is as a very mild assumption.

In [BSY22] and motivated by applications to chromatic homotopy theory, Burk-
lund, Schlank and Yuan introduced a general notion of Nullstellensatzian object
which captures the essential features of algebraically closed field abstractly. Ap-
plying this concept to the category of commutative 2-rings leads to our definition
of the constructible spectrum Speccons(C) of C, see Definition 6.5. This spectrum
is a compact T1-space whose points are given by Nullstellensatzian commutative
2-rings. In Corollary 6.9 we construct a natural comparison map

ψ : Speccons(C)→ Spc(C).
The significance of this map is then explained in Proposition 6.10: A point in Spc(C)
is in the image of ψ if and only if it is can be detected by a map of commutative 2-
rings C→ D with Spc(D) = ∗. In other words, the constructible spectrum provides
an abstract setting which captures Desiderata (†) and (‡). In general, however, the
comparison map ψ is not surjective, so not every prime ideal in the Balmer spec-
trum can be realized geometrically by a map of commutative 2-rings. We remark
that the failure of realizability holds both in the finite positive height situation
(Corollary 6.11) as well as at height ∞ (Example 6.12), that is in characteristic p.

This is in sharp contrast to what happens in characteristic 0. Working with a
rational commutative 2-ring C for the remainder of this section, we first observe
that Nullstellensatzian C-algebras correspond under decategorification to Nullstel-
lensatzian 1C-algebra: Indeed, Proposition 6.7 establishes a homeomorphism

Speccons(C) ≃ Speccons
CAlg(Ind(C))(1C).

This affords the construction of a comparison map ψh : Speccons(C)→ Spch(C) for
rational C, which we show in Theorem 7.1 to be a bijection:

Theorem E. Let C be a rational rigid commutative 2-ring. Then there is a natural
isomorphism of sets ψh : Speccons(C) ≃ Spch(C) between the constructible spectrum
and the homological spectrum of C.

With this result in hand, it is then not too difficult to deduce our applications
to rational monogenic commutative 2-rings in Theorem B. At the same time, this

2by which we mean an (essentially small) stably symmetric monoidal idempotent-complete
∞-category



6 TOBIAS BARTHEL, LOGAN HYSLOP, MAXIME RAMZI

construction gives a new topology on the homological spectrum of a rational rigid
commutative 2-rings which is always compact T1. The question as to when it is
compact Hausdorff can be checked by understanding Nullstellensatzian algebras
in a given category, and is closely related to when the homological spectrum is a
sheafification of the Balmer spectrum for a certain “canonical topology” (see Theo-
rem 7.23). It is possible that the topology on the homological spectrum induced by
Theorem E is always compact Hausdorff, a question which is equivalent to a uni-
form bound on the exact-nilpotence condition for Nullstellensatzian rational rigid
commutative 2-rings, and which reduces to separating two specified points in the
constructible spectrum of our counter-example to the nerves of steel conjecture (see
Proposition 7.25 for a precise statement).

En-constructible spectrum and geometric points. As we have seen, outside the ra-
tional setting, points of the Balmer spectrum of a tt-category can in general not be
realized geometrically through maps of commutative 2-rings. Surprisingly, a minor
modification of the constructible spectrum resolves this issue entirely.

Generalizing the previous setup, suppose for the remainder of this section that C
is a rigid Em-2-ring, i.e., an (essentially small) rigid stably Em-monoidal idempotent-
complete ∞-category for some m ≥ 3. The condition on m guarantees that the
homotopy category of C is a rigid tt-category. For any 1 ≤ n < m, we then define
the En-constructible spectrum of C as Speccons

En
(1C). This comes with a comparison

map
ψh

n : Speccons
En

(1C)→ Spch(C)
induced by sending a Nullstellensatzian En-algebra to its homological support. Our
main theorem (Theorem 8.2) about the En-constructible spectrum shows that ψh

n

is bijective:

Theorem F. Let Ind(C) be the Ind category of a rigid Em-2-ring C. Then for all
1 ≤ n < m, there is a natural bijection

ψh
n : Speccons

En
(1C) ≃ Spch(C).

In fact, Theorem 8.17 provides an example that shows that the condition n < m
in the statement above is optimal. The key ingredient in the proof of Theorem F
is the construction, for each homological prime m, of En-algebra variants En

m of
the weak rings Em introduced in [Bal20a, Construction 2.11]. The latter play a
distinguished role in the study of the homological spectrum, and likewise their
structured analogues are essential in the analysis of Speccons

En
(1C). The construction

of En
m relies essentially on Burklund’s work [Bur22] on multiplicative structures on

quotient objects in higher algebra.
In order to deduce Theorem C from Theorem F we need one additional step.

While we cannot directly conclude that the homological spectrum of En
m is a point,

we will prove in Section 9 that Spch(PerfC(Ek
m)) has the desired property for k suffi-

ciently large. This establishes a sufficient supplies of residue rigid En-2-rings, which
upon passage to homotopy categories gives Theorem C. Finally, we remark that the
overall structure of PerfC(Ek

m) is not yet well-understood, so the extent to which
these residue tt-categories should be considered fields is still under investigation.

1.C. Structure of the document. There are two parts, consisting in the disproof
of the Nerves of Steel conjecture and our analysis of the constructible spectrum,
respectively.
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In the first part, we begin with some preliminaries on tt-geometry collected here
for the convenience of the reader. Most of this material in Section 2 is purely
expositional, with the exception of the discussion of tt-fields. Section 3 deals with
free constructions in higher Zariski geometry and the generalized 1-dimensional
cobordism hypothesis, which is then applied in Section 4 to analyse the affine line
and its pointed variant. This part culminates in Section 5, where the proof of
Theorem A is assembled.

The second part is concerned with the constructible spectrum and its applica-
tions to the construction of geometric points in higher Zariski geometry. After a
brief recollection on the theory of Nullstellensatzian objects from [BSY22], Section 6
introduces the E∞-constructible spectrum of rigid commutative 2-rings, establishes
its basic properties, and discusses its relevance in tt-geometry. The end of this
section also contains our counterexamples to the most optimistic guesses about
its utility, motivating the in-depth study of the rational case in Section 7 and the
proof of Theorem B. Finally, Section 8 and Section 9 introduce the En-constructible
spectrum of rigid 2-rings and, using a modification of Burklund’s approach to mul-
tiplicative structures, verify Theorem C.

This paper concludes with an outline of a special case of Deligne’s proof of the
semi-simplicity of Rep(GLt) from [Del07] in Appendix A.

1.D. Conventions and notation. Throughout the main body of this work, we
will work in the framework of higher Zariski geometry as developed in [Aok+25], for-
mulated in the language of∞-categories ([Lur09; Lur17]) and enhancing tensor tri-
angular geometry as developed by Balmer [Bal05]. Our notations and terminology
will conform to these references unless otherwise noted. In particular, tt-category
refers to the classical 1-categorical notion of a tensor triangulated category, while
we use the term Em-2-ring with 0 ≤ m ≤ ∞ for an essentially small stably Em-
monoidal ∞-category, usually assumed to be idempotent-complete. When m ≥ 3,
the homotopy category K = ho(C) of an Em-2-ring C is a tt-category; in this case, C
is said to be an Em-enhancement of K. For the remainder of this paper, tt-category
will implicitly mean rigid tt-category, and the term 2-ring without any modifiers
will implicitly mean commutative 2-ring.
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Part I. A Counterexample to the Nerves of Steel Conjecture

2. Preliminaries on Tensor Triangular Geometry

2.A. Basic notions of tensor-triangular geometry. Motivated by computa-
tions due to Devinatz–Hopkins–Smith [DHS88; HS98], Hopkins–Neeman [Hop87;
Nee92], and Thomason [Tho97], Balmer [Bal05] made the following definition,
marking the beginning of the field now known as tensor triangular geometry.

Definition 2.1 ([Bal05]). Let C be an essentially small tt-category. Then the
Balmer spectrum of C, Spc(C) is the set of prime ⊗-ideals in C, topologized by
defining distinguished closed subsets

Supp(x) := {P ∈ Spc(C) : x /∈ P} ,
for objects x ∈ C.

This definition parallels the construction of the Zariski spectrum in algebraic
geometry, and thus leads to a geometric perspective on tt-categories; for a recent
account, see [Aok+25]. The Balmer spectrum comes equipped with natural maps
to other spaces, such as the homogeneous spectrum of graded prime ideals in the
graded endomorphism ring of the unit.

Proposition 2.2 ([Bal10a, Theorem 5.3]). There exists a natural continuous map

ρ : Spc(C)→ Spech(π∗(EndC(1)))
from the Balmer spectrum of a tt-category C to the spectrum of homogeneous prime
ideals in the graded-commutative ring π∗(EndC(1)). The map ρ is order-reversing,
in the sense that P ⊆ Q if and only if ρ(P) ⊇ ρ(Q).

Equipped with a good notion of geometry for tt-categories, the familiar words
and concepts of algebraic geometry, or at least some of them, can be adapted to
the world of tensor triangular geometry. A particularly important notion for the
present paper is what it means to be local, that is, have the property that the
spectrum has a unique closed point. Pondering the definitions ([Bal10a]), closed
points of the space Spc(C) correspond to minimal prime ideals in C, and one learns
that Spc(C) has a unique closed point if and only if the ideal (0) is prime. Collecting
this into a definition, and rephrasing what it means for (0) to be prime, we recall:

Definition 2.3. A tt-category C is said to be local is for all objects X,Y ∈ C,
X ⊗ Y ≃ 0 implies that X ≃ 0 or Y ≃ 0.

Another important player in this paper is the notion of ⊗-nilpotent maps.

Definition 2.4. A map f : x→ y in a tt-category is said to be ⊗-nilpotent if there
exists some n ≥ 0 with f⊗n ≃ 0.

Lemma 2.5. Let C be a tt-category. The class of ⊗-nilpotent morphisms in C is
closed under:
• Tensoring with any object;
• Retracts;
• Dualization.
Furthermore, if F : C → D is a tt-functor, it sends ⊗-nilpotent morphisms to ⊗-
nilpotent morphisms.
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Proof. The first item follows from the fact that (f⊗z)⊗n ≃ f⊗n⊗z⊗n. The second
item follows from the fact that if f0 is a retract of f1, then f⊗n

0 is a retract of f⊗n
1 ,

and retracts of the 0 morphism are 0. The third item follows from the fact that
dualization commutes with tensor products and the dual of the 0 morphism is the 0
morphism. The last fact is also clear from the equivalence F (f)⊗n ≃ F (f⊗n). □

Definition 2.6. An object x ∈ C in a tt-category C is said to be ⊗-faithful if
x ⊗ − is conservative on morphisms, that is: if f : y → z is a morphism in C with
x⊗ f ≃ 0, then f ≃ 0.

We will make use of the following elementary observation:

Lemma 2.7. An object x in a tt-category C is ⊗-faithful if and only if the co-
evaluation morphism

coevx : 1→ x⊗ x∨

is split injective. In particular, if every non-zero object of C is ⊗-faithful, then the
Balmer spectrum of C is a single point.

Proof. If 1 splits off of x⊗ x∨, then x⊗ x∨ ⊗− is conservative on morphisms, and
the same must then be true of the functor x⊗−. Conversely, if x⊗− is ⊗-faithful,
then since x ⊗ coevx is split injective, the map fib(coevx) → 1 tensors with x to
zero, and is thus itself zero, which implies that coevx is split injective.

The final claim follows from the observation that every ⊗-faithful object gener-
ates the unit ideal, which then must be true of every nonzero object. □

2.B. The homological spectrum. The first Balmer spectrum computation, as
with many more to follow, was carried out by first proving an abstract nilpotence
theorem, then using this to produce a classification of the thick ⊗-ideals. Following
the idea that there should be a general interplay between tensor triangular geometry
and abstract nilpotence theorems and building on earlier work with Krause and
Stevenson [BKS19], Balmer in [Bal20b, Remark 3.4] found a new way to attach a
topological space to a tt-category. We recall the construction now.

Definition 2.8. Let C be a tt-category. The category mod(C) is the full subcate-
gory of additive presheaves on C valued in abelian groups

Fun⊕(Cop,Ab)

generated by cokernels of mapsよ(x)→よ(y) for x, y ∈ C.

The category mod(C) is an abelian category, which inherits a symmetric monoidal
structure through Day convolution in such a way that the Yoneda embedding

よ : C→ mod(C)

is symmetric monoidal. In the absence of a general theory of “residue fields” for tt-
categories, we turn our attention to nice “abelian residue fields” instead. Explicitly,
Balmer defines a homological residue field of a tt-category C as a quotient of mod(C)
by a maximal Serre ⊗-ideal. This leads us to:

Definition 2.9 ([Bal20b, Remark 3.4]). The homological spectrum of a tt-category
C is defined as a set by

Spch(C) := {maximal Serre ⊗ -ideals in mod(C)}.
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This becomes a topological space by defining closed subsets to be generated by
those of the form

Supph(x) := {m ∈ Spch(C) :よ(x) /∈ m}.

At any given point m in the homological spectrum, the homological residue field at
m is defined to be the composite functor C → mod(C)/m to the quotient by the
maximal Serre ⊗-ideal m.

2.C. Weak rings.

Definition 2.10. Let C be a tt-category, and consider its big category Ind(C).
A weak ring in Ind(C) is a pointed object f : 1 → R which becomes split after
tensoring with R, that it, such that

R⊗ f : R→ R⊗R

is split injective.

Remark 2.11. Each point of the homological spectrum m gives rise to a unique
weak ring object Em in the big category Ind(C) corresponding to it, such that
the kernel of tensoring with Em is exactly the kernel of the composite Ind(C) →
Ind (mod(C)) → Ind (mod(C)/m) [BKS19, Proposition 3.9]. In [BC21], Balmer–
Cameron demonstrate techniques to compute a great number of these weak rings
in practice.

The following property of the weak rings attached to homological primes will be
useful later.

Proposition 2.12 ([Bal20b, Proposition 5.3]). Let C be a tt-category, and consider
homological primes m1,m2 ∈ Spch(C) with associated weak rings Em1 , Em2 . Then
Em1 ⊗ Em2 ≃ 0 if and only if m1 ̸= m2.

There are two natural notions of homological support attached to big objects in
a given tt-category.

Definition 2.13. Let C be a tt-category, which has associated big category “Ind(C)”
(say, arising as the homotopy category the Ind-category of a rigid En-2-ring with
homotopy category C), and let t ∈ Ind(C) a big object. Then we define
• The naive homological support of t is

Suppn(t) := {m ∈ Spch(C) : t⊗ Em ̸= 0}.
• The genuine homological support of t is

Supph(t) := {m ∈ Spch(C) : hom(t, Em) ̸= 0}.

We record the following properties of these supports, which will be useful later.

Proposition 2.14 ([Bal20a, Theorem 4.5]). The genuine homological support sat-
isfies the so-called tensor product property. Namely,

Supph(t1 ⊗ t2) = Supph(t1) ∩ Supph(t2).

Proposition 2.15 ([Bal20a, Theorem 4.7]). If t is a weak ring, then there is an
equality

Suppn(t) = Supph(t).
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We will frequently identify Supph(t) with Suppn(t) implicitly when working with
weak rings later on. Finally, we record also the following detection property of the
homological support for weak rings.
Proposition 2.16 ([Bal20a, Theorem 4.7]). If w ∈ Ind(C) is a weak ring with
homological support Supph(w) = ∅, then w = 0.
2.D. Nilpotence detection. Balmer investigated the connection of this homolog-
ical spectrum to nilpotence theorems, proving that in some sense, proving abstract
nilpotence theorems is equivalent to computing the homological spectrum of a cat-
egory.
Proposition 2.17 ([Bal20b, Corollary 4.7, Theorem 5.4]). Given a map f : x→ Y
for x ∈ C and Y ∈ Ind(C), if f vanishes in every homological residue field of C,
then f is ⊗-nilpotent. Furthermore, given a collection I = {m} ⊆ Spch(C) of points
in the homological spectrum with the property that f vanishing in the residue field
at m for all m ∈ I implies f is ⊗-nilpotent, then I = Spch(C) is the entire space.

An important related notion is that of nil-conservativity; we recall the definition:
Definition 2.18. Let {fi : C → Di}i∈I be a family of functors from a fixed tt-
category C to various tt-categories Di. We say that the family is jointly nil-
conservative if the induced functors on big categories (abusively also denoted by
fi) detect weak rings, that is: if R is a weak ring in Ind(C) such that fi(R) ≃ 0 for
all i ∈ I, then R ≃ 0.

The connection between jointly nil-conservative families and the homological
spectrum is summarized by the following theorem.
Theorem 2.19 ([Bar+24, Theorem 1.9]). Let {fi : C → Di}i∈I be a family of
tt-functors. Then the family is jointly nil-conservative if and only if the induced
map ∐

i∈I

Spch(Di)→ Spch(C)

is surjective.
We will later require a basechange property for jointly nil-conservative families

in the highly structured case, which in turn will require the following lemma.
Lemma 2.20. Let C and D be rigid 2-rings, and let f∗ : C → D be a 2-ring map
which is fully faithful (so that the right adjoint f∗ on Ind-categories has f∗f

∗ ≃
idInd(C). Then for any map of rigid 2-rings g∗ : C→ E, the basechange E→ E⊗CD

is also fully faithful.
Proof. By [Ram24, Proposition 4.18] (which applies since C is rigid), the adjunction
f∗ ⊣ f∗ is Ind(C)-linear and hence, by 2-functoriality of E⊗Ind(C) −, it induces an
adjunction upon tensoring with E. Since fully faithfulness can be expressed in
2-categorical terms (that the unit map is an equivalence), the result follows.

□

Proposition 2.21. Let C be a rigid 2-ring. Suppose we are given a family of
functors Fi : C→ Di, i ∈ I of rigid 2-rings which is jointly nil-conservative. Then,
for any 2-ring map G : C→ E to a rigid 2-ring E, the family

{E→ E⊗C Di}i∈I

is jointly nil-conservative as well.
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Proof. Let S ∈ Ind(E) be a weak ring, and assume that Fi(S) ∈ Ind(E) ⊗Ind(C)
Ind(Di) is 0 for each i.

Again, by [Ram24, Proposition 4.18], the adjunction G ⊣ G∗ between Ind(C)
and Ind(E) induces an adjunction G ⊗ Ind(Di) ⊣ G∗ ⊗ Ind(Di) between Ind(Di)
and Ind(E)⊗Ind(C) Ind(Di), which we abusively still denote G,G∗.

We therefore find that G∗Fi(S) = 0. We claim that the following square is verti-
cally right adjointable, i.e., that the canonical map FiG∗ → G∗Fi is an equivalence:

Ind(C) Ind(Di)

Ind(E) Ind(E)⊗Ind(C) Ind(Di)

Fi

G G

Fi

Once this is proved, it will follow that FiG∗(S) = 0 for all i, and hence that
G∗(S) = 0 by nil-conservativity. But there is a map of weak rings GG∗(S)→ S by
design, so this implies that S = 0.

To prove this adjointability, we again use 2-functoriality of − ⊗Ind(C) −: the
arrow Ind(C) → Ind(Di) sends the adjunction G ⊣ G∗ to an adjunction in the
arrow category, and those are precisely adjointable squares (this follows from the
more general [Hau21, Theorem 4.6]).

□

2.E. The nerves of steel conjecture. For any tt-category C, there exists a nat-
ural continuouos surjection

ϕ : Spch(C) ↠ Spc(C)

by [Bal20b, Corollary 3.9], which connects us back to the setting of tensor triangular
geometry. The manner in which the very first computation of a Balmer spectrum
was carried out in [HS98] was essentially by computing the homological spectrum
of Spω, and then proving that the map Spch(Spω)→ Spc(Spω) is an isomorphism.
In modern terms, Hopkins–Smith proved the first case of Balmer’s nerves of steel
conjecture, which we can now state.

Definition 2.22. We say that the nerves of steel condition holds for a tt-category
C (written NoS(C)) if the map ϕ : Spch(C) → Spc(C) is a bijection. The nerves of
steel conjecture asserts that every tt-category satisfies the nerves of steel condition.

The nerves of steel conjecture has been a center of attention for tt-geometers in
recent years, and many equivalent formulations have been discovered. For instance:

Remark 2.23. For a tt-category C, the comparison map ϕ exhibits Spc(C) as the
Kolomogorov quotient of Spch(C), i.e., the universal T0-space under it; see [BHS23,
Lemma 4.2]. This implies the equivalence of the following statements:
(a) ϕ : Spch(C)→ Spc(C) is a bijective;
(b) ϕ : Spch(C)→ Spc(C) is a homeomorphism;
(c) Spch(C) is T0 (and hence spectral).

Remark 2.24. There is an alternative description of the homological spectrum
constructed in [BW25] via a space constructed from the Ziegler spectrum, relating
homological primes to so-called “definable” ⊗-subcategories.
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Remark 2.25. Work of [Bar+26] shows that if the nerves of steel conjecture holds,
then the triangular and homological notions of stratification coincide for all rigidly-
compactly generated tt-categories. In particular, stratification would satisfy descent
along weakly descendable families of geometric tt-functors.
2.F. The exact-nilpotence condition. The nerves of steel conjecture was refor-
mulated in [Bal20a, Theorem A.1], and again in [Hys26, Theorem 1.6] in terms of
the so-called exact-nilpotence condition, which we now recall.
Definition 2.26 ([Hys26, Definition 1.5]). Let C be a local tt-category. We say
that the exact-nilpotence condition (resp. exact-nilpotence condition to order n)
(ENC(n)) holds for C if for all fiber sequences of the form

y
g−→ 1

f−→ x,

there exists a nonzero object z ∈ C with either z ⊗ g or z ⊗ f being ⊗-nilpotent
(resp. either z ⊗ g⊗n ≃ 0 or z ⊗ f⊗n ≃ 0).

As mentioned in Section 1.B, the starting point of this paper is the following
theorem.
Theorem 2.27 ([Bal20a, Theorem A.1]; [Hys26, Theorem 1.6]). The nerves of
steel conjecture holds if and only if the exact-nilpotence condition holds for every
local tt-category C.

2.G. Tensor triangular fields. We recall the definition of tt-fields proposed by
Balmer, Krause, and Stevenson in [BKS19] and discuss some of its basic proper-
ties. In particular, we show that it differs from the earlier one given by Balmer in
[Bal10b].
Definition 2.28 ([BKS19, Definition 1.1]). A rigidly-compactly generated tt-category
F is a tt-field if it satisfies the following two conditions:
(a) every nonzero compact object x ∈ Fc is ⊗-faithful, i.e., x⊗f = 0 implies f = 0
for morphisms f in F;
(b) every object in F is a coproduct of compacts.
Occasionally, we will also refer to the essentially small tt-category Fc as a tt-field.

Simple examples of tt-fields are given by:
Lemma 2.29. A semi-simple tt-category K with simple unit is a tt-field, in that
for any nonzero object z ∈ K, coev : 1→ z ⊗ z∨ is split injective.

Proof. In a semi-simple category, any nonzero map from an object with simple
endomorphism ring is split-injective. □

Remark 2.30. An important consequence of the definition of tt-field F is that Fc

is a Krull–Schmidt category, see for example [BKS19, Theorem 5.7].
In [Bal10b, Section 4.3], Balmer proposed a variant, only requiring condition (a)

in Definition 2.28. The next proposition provides an example demonstrating that
the two definitions do not coincide, thereby resolving a question which was raised
in [BKS19, Remark 1.2].
Proposition 2.31. Let (κn)n∈N be an N-indexed collection of fields and let U be a
non-principal ultrafilter on N. Consider the ultraproduct

∏
U Perf(κn) taken in the

category of 2-rings.
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(a) Every nonzero compact object of
∏

U Perf(κn) is ⊗-faithful, i.e., the ultraprod-
uct satisfies condition (a) of Definition 2.28.
(b) There does not exist any tt-functor

∏
U Perf(κn)→ F to a tt-field F. In partic-

ular,
∏

U Perf(κn) does not satisfy condition (b) of Definition 2.28

Proof. Every non-zero compact object in
∏

U Perf(κn) is ⊗-faithful since the co-
evaluation map of every non-zero object splits; this can be checked coordinate-wise.

In order to show that
∏

U Perf(κn) does not admit any maps into a tt-field,
consider the image X of the object (

⊕n
i=1 κn)n∈N in the ultraproduct. Since U is

non-principal, for any m ∈ N there exists some Vm ∈ U which does not meet the
interval [0,m−1]. In

∏
n∈Vm

Perf(κn), the object
⊕m

i=1 1 splits off (
⊕n

i=1 κn)n∈Vm
,

hence the same is true for X in the ultraproduct. Its image under any tt-functor
cannot satisfy the Krull–Schmidt property, so we conclude by Remark 2.30. □

As an immediate consequence, we obtain:

Corollary 2.32. The collection of tt-fields is not closed under ultraproducts.

Remark 2.33. In light of the above, one might be tempted to try to define a tt-field
as a rigidly-compactly generated tt-category where every non-zero compact object
is ⊗-faithful, following [Bal10b]. This notion would be closed under ultraproducts
but, as we will show in Remark 3.29 below, there are categories with this property
which act much more akin to a “nil-extension” of a field.

Furthermore, recent work of Riedel (in particular [Rie25, Remark 4.24]) can be
used to show that, Desideratum (‡) from the introduction also fails for the definition
proposed in [Bal10b] at least if one required the map to admit an enhancement as
an E1-2-ring map. We note that this does not completely rule out the possibility of
(‡) holding for this definition at the purely tensor triangulated level, just of there
being some enhanced version of it.

This concludes our review of the required background material on tensor trian-
gular geometry.
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3. Free Constructions

The goal of this section is to define and analyze the free categories we will need.
Recall from Section 1.B that we will need to analyze the free rational rigid 2-ring on
a dualizable object and the free rational rigid 2-ring on a pointed dualizable object.
A first step for this is to analyze the non-rational, non-stable versions of these
categories. In a first sub-section, we discuss the free symmetric monoidal category
on a dualizable object as well as its Q-linearization, and in a second subsection we
compare it to the free symmetric monoidal category on a pointed dualizable object,
respectively to its Q-linearization.

3.A. The free symmetric monoidal category on a dualizable object. The
free symmetric monoidal category on a dualizable object has the universal dualizable
object, X, its tensor powers X⊗i, and similarly for its dual, X∨, as well as their
tensors. Besides the symmetric groups Σi × Σj acting on X⊗i ⊗ X∨,⊗j , there
are extra morphisms coming from the evaluation pairing X ⊗ X∨ → 1 and the
evaluation co-pairing 1→ X∨ ⊗X.

∅

+

−

∅

+

−

co-evaluation on X = + evaluation pairing for X = +

The graphical calculus that arises from the triangle identities suggested early on
a connection to manifolds, as formalized by Baez and Dolan’s famous Cobordism
Hypothesis [BD95], which describes in general the free symmetric monoidal (∞, n)-
category on a dualizable object in terms of cobordism categories. The following
is an informal description of the answer in dimension 1. We will single out below
what we need more precisely:

Definition 3.1. The 1-dimensional oriented cobordism category Cob1d,or is the
(∞, 1)-category whose objects are oriented closed 0-dimensional manifolds, i.e., fi-
nite sets with a sign ± on each element, and whose morphisms from M to N
are oriented 1-dimensional compact manifolds with boundary W with an oriented
identification ∂W ∼= M

∐
N .

Here, M is the manifold M with the reverse orientation.
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+ +

identity of + = X.

A proof in general (for all n) has been sketched by Lurie in [Lur08], though there
does not seem to be a consensus about its completeness. On the other hand, in
dimension 1, a complete proof was given by Harpaz, so we can state:

Theorem 3.2 ([Har12],[Lur08]). The free rigid symmetric monoidal ∞-category
on an object is the category Cob1d,or of 1-dimensional oriented cobordisms between
oriented 0-manifolds.

Since no higher dimensional, or unoriented cobordisms will appear in this paper,
we simplify notation:

Notation 3.3. We let Cob := Cob1d,or.
For X ∈ Cob the universal dualizable object (i.e., the singleton, as a positively

oriented 0-dimensional manifold), we let Xi,j denote X⊗i ⊗X∨,⊗j .

The precise information we need about Cob can be gathered in the following:

Proposition 3.4. Let i, j, r, s be natural numbers.
(a) The symmetric monoidal dimension T of X in Cob is given by the circle as a
cobordism from the empty manifold to itself, and Ω(HomCob(∅, ∅), T ) ≃ S1. Fur-
thermore, the induced map BS1 → HomCob(∅, ∅) witnesses the target as free com-
mutative monoid over the source;
(b) The mapping space HomCob(Xi,j , Xr,s) is empty unless i− j = r − s;
(c) The mapping space HomCob(Xi,j , Xr,s) is free on a discrete set as a module
over HomCob(1,1).
In particular, all mapping spaces in Cob are finite disjoint unions of spaces of the
form

∐
n((BS1)×n)hΣn

.

Proof. (a) This follows from the definition of Cob, together with the homotopy
equivalence of topological groups S1 → Diff+(S1).

(b) One can give a topological proof, or a proof based on the universal property
of Cob.

Topological proof: Fix an oriented compact 1-dimensional manifold with bound-
ary M , viewed as a cobordism from ∂1M to ∂2M with associated decomposition of
the boundary of M as ∂M = ∂1M

∐
∂2M , and write ∂2M =

∐r
1 X

∐∐s
1 X

∨, and
∂1M =

∐i
1 X

∐∐j
1 X

∨.
The oriented count of the size of the boundary of M is zero by the classification

of compact 1-manifolds. For our given M , this oriented count is nothing but r −
s + j − i = (r − i) − (s − j), which is required to be zero. But (r − i) − (s − j) is
zero if and only if r − i = s− j.

Universal property proof: Consider the wide subcategory C of Cob spanned by
morphisms Xi,j → Xr,s with i − j = r − s. It is clear that these morphisms are
closed under composition, and under tensor products, and all symmetry/associator
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equivalences, so that C → Cob is a symmetric monoidal functor. Furthermore, C
contains the evaluation and coevaluation, X⊗X∨ → 1 and 1→ X∨⊗X, so X ∈ C
is dualizable. It follows that the identity of Cob factors through C, which proves
the result.

(c) Every 1-dimensional cobordism is (uniquely) a disjoint union of a simply-
connected part and a disjoint union of circles. Consider then the full subspace
HomCob(Xi,j , Xr,s)simple of HomCob(Xi,j , Xr,s) spanned by the simply-connected
cobordisms. It is a space of intervals with fixed endpoints, and is therefore discrete.
The above observation shows that, as a HomCob(1,1)-module, HomCob(Xi,j , Xr,s)
is free on HomCob(Xi,j , Xr,s)simple. □

Next, we note that “linearization” is an easy process:

Proposition 3.5. The free rigid stably symmetric monoidal∞-category over Db(Q)
on an object is given by the category

Fun((Cob)op,D(Q))ω,

with the Day convolution symmetric monoidal structure.
In particular, it is generated under finite colimits, desuspensions and retracts by

images of the Yoneda embedding, whose mapping spectra are Q-homology spectra of
the mapping spaces in Cob.

More generally, following [Lur17], the next result is explicitly spelled out (in the
case of spectra, but works equally well over an arbitrary stable base such as D(Q))
in [Aok+25, Construction 2.7]:

Proposition 3.6. Let C be a small symmetric monoidal category. The free rational
stably symmetric monoidal category with a symmetric monoidal functor from C is
Fun(Cop,D(Q))ω equipped with the Day convolution structure.

It is generated under finite colimits, desuspensions and retracts by images of the
Yoneda embedding, whose mapping spectra are Q-homology spectra of the mapping
spaces in C.

Notation 3.7. We define the (rational) affine line as
A1 := Fun((Cob)op,D(Q))ω,

and let y : Cob→ A1 denote the Q-linearized Yoneda embedding.

Remark 3.8. To be careful, one should add a Q-subscript to this notation, but
no non-rational 2-ring will appear in Part I of this paper, and we will not use this
notation in Part II, save for when we are talking only about rational categories, so
there is no risk for confusion.

Lemma 3.9. The graded endomorphism ring of the unit in A1 is given by π∗(1) =
Q[t][t1, t2, t3, . . .] with |t| = 0 and |ti| = 2i for i > 0.

Proof. By Proposition 3.5 and the (Q-linear) Yoneda embedding, the graded endo-
morphism ring of the unit is given by

π∗(1) = Q(EndCob(1)).
By Proposition 3.4, this mapping space is given by

FreeE∞(BS1).
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The Q-homology of this space is in turn given by the free E∞-Q-algebra on Q[BS1] ≃
Q[x] with |x| = 2, so we get that

EndA1(1) ≃ Q[Q[x]],
which is a free algebra on generators in degree 2n for each n ≥ 0. □

In the next section we will describe more generally the graded mapping spectra
between various generators, see Lemma 4.1.

Corollary 3.10. The Balmer spectrum Spc(A1) surjects onto the spectrum of ho-
mogeneous prime ideals in the graded polynomial ring Q[t0, t1, t2, . . .].

Proof. Combine Lemma 3.9 with the fact that the Balmer spectrum of a tt-category
surjects onto the graded spectrum of the unit, at least when the latter is coherent,
see [Bal10a, Theorem 7.3]. □

The fiber of the comparison map over the generic point of Spec(π∗(1)) appears
as the Balmer spectrum of the following 2-ring:

Notation 3.11. We let A1
η be the quotient of A1 by the thick tensor ideal generated

by cofib(a : Σi1→ 1) for all nonzero homogeneous elements a ∈ πi(1).

Remark 3.12. Equivalently, A1
η can be defined as as the basechange of A1 along the

map of commutative ring spectra EndA1(1)→ EndA1(1)[a−1, a ∈ πk(1)\{0}, k ∈ N].
Here, the subscript η on A1

η is supposed to make one think of a generic point.

3.B. The free symmetric monoidal category on a pointed dualizable ob-
ject. The second free construction we will need to analyze is the free symmetric
monoidal category on a pointed dualizable object, i.e., on a dualizable object X
equipped with a map 1→ X. We will denote this category by Cob+.

This category clearly receives a morphism i : Cob→ Cob+ picking out the object
X, and it is not hard to prove that this morphism is essentially surjective, so one
can view the objects of Cob+ as oriented 0-dimensional manifolds as well.

Heuristically, we may thus think of Cob+ as a cobordism category, where two
new types of cobordisms are allowed: the half open intervals (−∞, 0] and [0,∞)
as cobordisms from ∅ to + and − to ∅ respectively, though this is harder to prove
rigorously. A precise proof will appear in forthcoming work of Barkan and Steine-
brunner [BS] as a special case of their generalized 1D cobordism hypothesis. We
will, however, not need the full strength of this precise identification and only cer-
tain properties of Cob+ that can actually establish more easily using their previous
work [BS25].

The precise facts we will need about this category are the following:

Proposition 3.13. The free symmetric monoidal category Cob+ on a pointed du-
alizable object X and the induced functor i : Cob→ Cob+ have the following prop-
erties:
(a) i is essentially surjective;
(b) i induces equivalences of mapping spaces

HomCob(Xi,j , Xr,s)→ HomCob+(Xi,j , Xr,s)
whenever r − s ≤ i− j. In particular, they are both empty when r − s < i− j.
In particular, i is an equivalence on endomorphisms of the unit.
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We delay the proof to the end of the section, and instead indicate how we will
use Cob+.

From Proposition 3.6, we also have the following special case:

Proposition 3.14. The free rigid stably symmetric monoidal ∞-category over
Db(Q) on a pointed object is given by the category

Fun((Cob+)op,D(Q))ω,

with the Day convolution symmetric monoidal structure.
In particular, it is generated under finite colimits, desuspensions and retracts by

images of the Yoneda embedding, whose mapping spectra are Q-homology spectra of
the mapping spaces in Cob+.

Notation 3.15. We let
A1,+ := Fun((Cob+)op,D(Q))ω

and let y : Cob+ → A1,+ denote the Q-linearized Yoneda embedding.
We also abuse notation and let i : A1 → A1,+ denote the Q-linearization of the

functor i : Cob→ Cob+.

Construction 3.16. Since A1,+ is free on a pointed object, there is a 2-ring map
ι : A1,+ → A1,+

which takes our free pointed object f : 1 → X to the dual of its fiber g∨ : 1 → y∨

for some choice of fiber g of f (the choice of which is unique up to a contractible
space of choices).

We have:

Proposition 3.17. The functor ι is an auto-equivalence. Moreover, ι is an invo-
lution in the sense that ι ◦ ι ≃ idA1,+ .

Proof. Since ι is exact and symmetric monoidal, we have that
ι(g) ≃ fib(ι(f)) = fib(g∨) ≃ f∨,

so that
ι(ι(f)) ≃ ι(g∨) ≃ ι(g)∨ ≃ f.

Since A1,+ is free on the pointed dualizable object f : 1 → X, the equivalence
ι(ι(f)) ≃ f extends to an equivalence ι ◦ ι ≃ idA1,+ . □

This functor will be used crucially in the sequel to show that a local category
obtained from A1,+ (specifically, A1,+

η := A1,+ ⊗A1 A1
η) does not satisfy the exact-

nilpotence condition from Definition 2.26.

Remark 3.18. Taking into account the forthcoming work of Barkan–Steinebrunner
[BS], Cob+ has a geometric description. It seems rather nontrivial to define the
functor ι while referring only to this geometric description, while its description in
terms of universal properties is evident.

We conclude this section with the proof of Proposition 3.13.
Recall that for us, Cob+ is defined as the free symmetric monoidal category on

a pointed object, and not as a geometric object.
The first thing we will need is the description of the free symmetric monoidal

category on a pointed object, with no dualizability condition:
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Lemma 3.19 ([Hys26, Lemma 2.1]). The free symmetric monoidal category on
an object X is Fin≃, and the free symmetric monoidal category on an object X
equipped with a map 1→ X is Fininj, and the induced map sending X to X is the
canonical inclusion Fin≃ → Fininj.

Corollary 3.20. The canonical maps Fin≃ → Cob and Fininj → Cob+ coming
from Lemma 3.19 fit in a pushout square of symmetric monoidal categories:

Fin≃ Cob

Fininj Cob+

Proof. This is immediate by comparing universal properties. □

The idea of the proof of Proposition 3.13 is then to start by computing the
pushout above in commutative monoids in simplicial spaces, and analyze how far
the result is from being a Segal space. In turn, the latter analysis will use Barkan
and Steinebrunner’s formula for Segalification, cf. [BS25].

To analyze the pushout in simplicial spaces, we first need the following elemen-
tary bit of combinatorics:
Lemma 3.21. For every [n] ∈ ∆, the map

(Fin≃)× ((Fininj)[1,n])≃ ≃ (Fin≃)[n] × ((Fininj)[1,n])≃ → ((Fininj)[n])≃

defined by (X,X1 ↪→ X2 ↪→ ... ↪→ Xn) → (X ↪→ X
∐
X1 ↪→ X

∐
X2 ↪→ ... ↪→

X
∐
Xn) is an equivalence of Fin≃ ≃ (Fin≃)[n]-modules.

Notation 3.22. Let N denote the Rezk nerve embedding categories into simplicial
spaces via NC : [n] 7→ Hom([n], C), and let LSeg denote the Segalification functor
from simplicial spaces to Segal spaces3.

We abuse notation by using the same symbol for the induced functor on com-
mutative monoids.
Definition 3.23. Let

P+ := N(Cob)
∐

N(Fin≃)

N(Fininj)

denote the pushout in commutative monoids in simplicial spaces.
Remark 3.24. The canonical map LSeg(P+) → Cob+ is a completion, and in
particular mapping spaces in Cob+ are the same as in LSeg(P+).
Corollary 3.25. The map N(Cob)→ P+ is levelwise a monomorphism of spaces.

Proof. The canonical map Cob→ P+ is levelwise given by
(Cob[n])≃ → (Fininj)[n] ⊗(Fin≃)[n] (Cob[n])≃

Hence by Lemma 3.21, it is equivalent to the inclusion
(Cob[n])≃ → (Fininj)[1,n] × (Cob[n])≃

at the component of ∅ → ...→ ∅.

3This is almost left adjoint to N , up to the distinction between Segal spaces and complete
Segal spaces. Since completion does not change the mapping spaces [HS25, Corollary 3.15], this
distinction will be irrelevant for us.
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Since the component of ∅ → ... → ∅ in (Fininj)[1,n] is contractible, we find
that the canonical map N(Cob) → P+ is levelwise an inclusion of components, as
claimed. □

We now need to discuss this monomorphism in more detail. For this, we need to
recall the notion of necklace from [BS25]:
Definition 3.26 ([BS25, Definition 1.10]). A necklace is a bipointed simplicial
space equivalent to a wedge of the form ∆n1 ∨ ... ∨ ∆nk , where all the wedges
∆n ∨ ∆m are taken at the point n ∈ ∆n, 0 ∈ ∆m, bipointed at the image of
0 ∈ ∆n1 , nk ∈ ∆nk .

The relevance of this notion is that if x, y ∈ X0 are points in the 0 simplices
of a simplicial space X, we can compute the mapping space in LSegX from x to
y as a colimit along necklaces N of mapping spaces of bipointed simplicial spaces
N → (X,x, y), cf. [BS25, Theorem A].

We now need to make the following observation:
Lemma 3.27. Let i, j be integers and consider Xi,j ∈ Cob as a point in N(Cob)0,
and hence in (P+)0. Let N be a necklace in the sense of Definition 3.26.

A map f : N → P+ of simplicial spaces factors through4 N(Cob) if and only if it
sends the basepoints of N to Xi,j , Xr,s for some integers i, j, r, s with r− s ≤ i− j.

Proof. A necklace N is by definition isomorphic to the iterated wedge ∆n1∨...∨∆nk

for a sequence of natural numbers n1, ..., nk, and a map N → P+ is thus the data
of a point in (P+)n1 ×(P +)0 ...×(P +)0 (P+)nk

.
Unwinding the equivalence (P+)n ≃ ((Fininj)[1,n])≃ × (Cob[n])≃ we find the

evaluation at 0 ∈ ∆n amounts to projection on Cob[n] followed by evaluation at 0,
while evaluation at n ∈ ∆n amounts to evaluating both terms at n, and using the
obvious sum operation Fin≃ × Cob→ Cob.

So let (a1, ..., ak) be a point in (P+)n1 ×(P +)0 ... ×(P +)0 (P+)nk
where aq has

endpoints (Xiq,jq , Xrq,sq ) ∈ Cob≃×Cob≃. We learn from the pullback condition
that rq = iq+1, sq = jq+1 and that Xrq,sq = Xn,m ⊗Xt,0 for some t ≥ 0 and some
n,m so that there exists a map Xiq,jq → Xn,m in Cob. In particular, m = sq, n ≤
rq. From the latter, we learn that iq − jq = n − m ≤ rq − sq. For them to be
equal, t has to be 0, which means that the last term of the sequence of injections
in (Fininj)[1,n] is empty, so all the terms need to be empty. It follows that all the
terms are in the image of Cob (see Corollary 3.25), as was claimed. □

We obtain the following from [BS25, Theorem A], which is exactly item (b) in
Proposition 3.13:
Corollary 3.28. The map Cob = LSeg(N(Cob)) → LSeg(P+) → Cob+ is fully
faithful on hom(Xi,j , Xr,s) whenever r − s ≤ i− j.

Proof. By [BS25, Theorem A], the mapping space in LSeg(P+) (and hence in Cob+)
from Xi,j to Xr,s can be computed as a colimit over all necklaces N of maps
N → P+ sending the basepoints to Xi,j , Xr,s respectively. By the previous lemma,
the conditions on (i, j, r, s) guarantee that this is the same as the colimit of maps
N → N(Cob) sending the basepoints to the objects with the same name, which is
exactly HomCob(Xi,j , Xr,s), as was to be shown. □

4Necessarily uniquely, by Corollary 3.25.
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Proof of Proposition 3.13. The previous corollary is exactly item (b), so we are left
with item (a). Consider the full subcategory of Cob+ spanned by the image of Cob.
This is a symmetric monoidal subcategory, and it contains the pointed object X.

Hence, by the universal property of Cob+, the identity of Cob+ factors through
this subcategory, which proves that they are equal. □

3.C. A brief digression, and an example. Using the free symmetric monoidal
rigid rational additive 1-category on a pointed object, which we can describe from
the above construction, we can present the promised example of a tt-category with
all non-zero compact objects being ⊗-faithful, but which acts more akin to a nil-
extension of a field than an actual tt-field itself.

Remark 3.29. Consider the free idempotent complete rigid symmetric monoidal Q-
linear additive 1-category on a pointed object, which we will denote by Q[hCob+] to
connect it to Proposition 3.13, and localize this category at the generic point of the
unit (a polynomial ring in a variable t), to get the category we will call Q[hCob+]η.
The indecomposable objects in this category are all summands of objects of the
form Xi,j (and are in bijection with the simple objects of Rep(GLt; Q(t))). If we
say that a summand of such an object has grading i − j, this gives a well-defined
grading on the indecomposable objects in this category, in such a way that the
non-zero morphisms are grading non-decreasing. Let I2 ⊆ Q[hCob+]η denote the
additive ⊗-ideal of morphisms which increase grading by at least 2, and consider
the additive quotient

C := Q[hCob+]η/I2.

We claim that every non-zero compact object in Kb(C) is ⊗-faithful. Since we can
further quotient out the ideal I1 of morphisms of grading at least 1 (in which case
we get back to Rep(GLt;A), which is semi-simple by Theorem A.2), this category
acts as a sort of “nil-extension of a field.”

We claim that every non-zero compact object of Kb(C) is ⊗-faithful. Since this
category is Krull-Schmidt, it suffices to show that the dimension of any indecom-
posable object is invertible. Since morphisms in C of grading zero are split (which
follows from Theorem A.2), and morphisms of grading ≥ 2 vanish, we can kill off
contractible chain complexes to see that every indecomposable object Z• ∈ Kb(C)
is represented by a chain complex of the form

. . .→ Zi → Zi−1 → . . . ,

with each Zi either zero or a sum of indecomposable objects all with grading k − i
for some fixed k depending only on Z•. The formula given at the end of [Del96]
(see also Corollary A.6) shows that the dimension of each Zi is a polynomial, say
fi(t), with positive leading coefficient, such that the parity of the degree of fi(t)
equals the parity of k − i. In particular, we have

dim(Z•) =
∑
i∈Z

(−1)ifi(t) ̸= 0,

where the sum is non-zero since we can look at the fi(t)s with highest degree, and
we see that the indices where such fi(t)s appear all have the same parity. Since
the dimension of this object is non-zero, and the endomorphism ring of the unit in
this category is a field, the dimension of every non-zero indecomposable object is
invertible, as claimed.
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4. The Affine Line A1

4.A. Semi-Simplicity of A1
η. The goal of this subsection is to prove that the

category A1
η defined in Section 3 is semi-simple, and is even a tt-field in the sense

of [BKS19, Definition 1.1]. Towards this end, we first have to study the mapping
spaces of generators, beginning with the case of the affine line.

In the classical language of tensor categories, the graded mapping spectra be-
tween various generators in A1 correspond to the endomorphism rings of the gen-
erators in Deligne’s category Rep(GLt) [Del07], recalled in Appendix A:

Lemma 4.1. Let i, j be natural numbers. There is an isomorphism of graded rings

π∗ EndA1(Xi,j) ∼= π∗(1)⊗π0(1) EndRep(GLt)(Xi,j)Q.

In particular, the graded endomorphism ring is concentrated in even degrees.
More generally, for any family of indices ik, jk,

π∗ EndA1(
⊕

k

Xik,jk ) ∼= π∗(1)⊗π0(1) EndRep(GLt)(
⊕

k

Xik,jk )

and both sides are concentrated in even degrees.

Proof. It follows from Proposition 3.4 and Proposition 3.5 that for any i0, j0, i1, j1,
HomA1(Xi0,j0 , Xi1j1) is free on a discrete set as a module over EndA1(1), and thus
this is preserved by passing to π∗. Specifically, it is free on the set of (isomorphism
classes of) simply-connected cobordisms from Xi0,j0 to Xi1,j1 . Thus its π∗ is indeed
basechanged from its π0, and we simply have to identify π0.

The result then follows from the definition of Deligne’s Rep(GLt) as the free
additively symmetric monoidal 1-category on a dualizable object, cf. Definition A.1,
or directly from Deligne’s original definition [Del07, Definition 10.2]. □

Remark 4.2. In representation theoretic language, these graded endomorphism
rings are isomorphic to the “walled Brauer algebras Bi,j(t) with parameter t on the
ring π∗(1) ∼= Q[t, t1, t2, ...], see [Cox+08, Section 2]. Indeed, it is clear that the set
of these cobordisms is in bijection with the generators of Bi,j(t) from [Cox+08],
and each connected component arising in the multiplication of two such generators
corresponds to a dimension of X, i.e., to a multiplication by t, so the multiplication
of these generators also corresponds to the one on Bi,j(t).

Lemma 4.3. With notation as in Section 3, for any i, j, the graded endomorphism
ring π∗ EndA1

η
(Xi,j) is isomorphic to is isomorphic to the endomorphism ring of

Xi,j in Deligne’s Rep(GLt, π∗(1A1
η
)), and similarly for finite direct sums of gener-

ators.
Equivalently, it is the walled Brauer algebra Bi,j(t) with parameter t in the graded

field π∗(1) ≃ Q(t, t1, t2 . . .). In particular, the ring π0(EndA1
η
(Xi,j)) is isomorphic

to the walled Brauer algebra Bi,j(t) with parameter t in the field π0(1).

Proof. This follows from Lemma 4.1 since A1
η is obtained from A1 by localizing at

the prime ideal (0) in the unit of A1. □

Proposition 4.4. The algebra π0(EndA1
η
(Xi,j)) is semi-simple for all i, j. In fact,

for any finite family of indices (is, js), s ∈ S, the algebra π0(EndA1
η
(
⊕

s∈S X
is,js))

is semi-simple.
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Proof. Using Lemma 4.3, this follows from [Del07, Théorème 10.5], a proof of which
is explained in Theorem A.2.

□

Lemma 4.5. Let C be an additive category.
• Let x ∈ C such that EndC(x) is semi-simple. For any summand y of x, EndC(y)
is also semi-simple.
• If x, z are orthogonal, and EndC(x),EndC(z) are both semi-simple, then so is
EndC(x⊕ z).

Proof. For the first item, we note that if e ∈ EndC(x) is an idempotent correspond-
ing to y, we have EndC(y) ∼= eEndC(x)e, so it suffices to focus on the latter. Now,
by Artin–Wedderburn, we may assume that EndC(x) ∼= Mn(D) for some division
algebra D, so that e is the projection onto some sub-vector space V ⊂ Dn. Then,
eMn(D)e ∼= EndD(V ) ∼= Mk(D) for some k is semi-simple.

For the second item, if x, z are orthogonal, then EndC(x ⊕ z) ∼= EndC(x) ×
EndC(z) and products of semi-simple rings are semi-simple. □

Theorem 4.6. The category A1
η is semi-simple with simple unit. In particular, this

category is a tt-field, and there is a unique point of Spc(A1) over the generic point
of Spec(π∗(1A1)).

Proof. By the Yoneda lemma and our explicit description of A1 from Section 3, A1,
and hence A1

η, is generated under finite colimits and retracts by the image of the
Yoneda embedding, that is, the objects Xi,j .

Consider the subcategory C of ho(A1
η) spanned by sums of the form y ⊕ Σz,

where y, z are summands of objects of the form
⊕

s∈S X
is,js for some finite family

(is, js), s ∈ S of indices. Note that since all the generators have even periodic
homotopy rings, y and Σz are orthogonal in ho(A1

η) for any such y, z.
By Proposition 4.4 and Lemma 4.5, every object in C has a semi-simple endo-

morphism ring. By 2-periodicity, C is closed under shifts as well, and it is clearly
closed under retracts.

This implies directly that its preimage in A1
η is closed under co/fibers, since any

map between objects of a semi-simple category is isomorphic to one of the form
id⊕0: x⊕ y → x⊕ z. Thus this preimage is equal to A1

η, which proves the claim in
light of lemma 2.29. □

4.B. Points of Spc(A1). We note that all the arguments in this section directly
generalize to A1

K := A1 ⊗End(1A1 ) K for any map of commutative ring spectra
End(1A1) → K, where K is a graded field and on π0,Q[t] → K does not kill
(t− n) for any integer n ∈ Z.

We also observe the following :

Construction 4.7. Since End(1A1) is free as a rational commutative ring spec-
trum on classes in even degrees, it is also formal, i.e., equivalent to the commu-
tative ring presented by the cdga Q[t, ti,∈ N≥1], |ti| = 2i with 0 differentials. It
follows that for any homogeneous prime p ⊂ π∗ End(1A1), one can realize the map
π∗ End(1A1)→ π∗ End(1A1)/p as π∗ of a map of (formal) commutative ring spectra,
and a fortiori also π∗ End(1A1)→ Frac(π∗ End(1A1)/p) can be realized as a map of
formal commutative ring spectra (here, Frac is the graded fraction field, obtained
by inverting all nonzero homogeneous elements).
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We denote the outcome of this construction by End(1A1)→ K(p).

Remark 4.8. In characteristic 0, all fields are formally smooth and so by defor-
mation theory any graded field K as above is equivalent, as a commutative ring
spectrum, to L or L[u±1] for some ordinary field L and |u| = 2k, k ≥ 1; either way,
it is formal. Thus, possibly up to reparametrization of u, any map End(1A1)→ K
to a graded field factors weakly uniquely over K(p) for some homogeneous prime
ideal p.

Another construction of K(p) is given by Mathew in [Mat17, Theorem 1.2], up
to the (in this case, minor) issue that Q[t, ti, i ∈ N≥1] is not noetherian. He also
discusses uniqueness in his situation.

Remark 4.9. For the above construction, one can also apply Theorem 7.1, proven
later on. Interpreted for rational E∞-rings R, this says that the points in the
homological spectrum of Perf(R) are in bijection with equivalence classes of maps
R→ L, where L is an even 2-periodic rational E∞-ring with π0(L) an algebraically
closed field, under the equivalence relation L1 ∼ L2 iff L1 ⊗R L2 ̸= 0. Since we
are working on a free algebra on even degree classes, one can check that these
equivalence classes of homological residue fields are determined by homogeneous
prime ideals in the graded endomorphism ring of the unit, and a residue field exists
for each such prime.

Corollary 4.10. Let S be the set of primes in Q[t] of the form (t − n). On the
complement of the inverse image of S under the map

Spech(π∗1A1)→ Spec(Q[t])
induced by Q[t]→ Q[t, ti : i ∈ N≥1], the map

Spc(A1)→ Spech(π∗1A1)
is a bijection.

Proof. By Proposition 2.21 and the discussion preceding the construction, the fiber
over p ∈ Spech(π∗11

A) is the Balmer spectrum of a tt-field, and hence is reduced to
a point. □
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5. The Comparison Functor

There is a functor A1,+ → A1 taking the free pointed object to the map 1
0−→

x, that is, to the zero map to the free object. This induces an equivalence on
endomorphism rings of the unit, and so we may invert all endomorphisms of the
unit and get an induced functor of 2-rings p : A1,+

η → A1
η. Our goal in this section

is to leverage the functor p to get information about A1,+
η from information about

A1
η.

The key result is:
Proposition 5.1. The functor p : A1,+

η → A1
η is conservative.

As an immediate corollary, we have:
Corollary 5.2. The 2-ring A1,+

η is local.

Proof. It follows directly from Theorem 4.6 that A1
η is local, and it is clear that if

a tt-category has a conservative symmetric monoidal functor to a local tt-category,
it is itself local. □

Thus, A1,+
η is a potential counterexample, and is in fact one of the universal

examples (the universal examples to test the exact nilpotence condition are exactly
the A1,+/P,P ∈ Spec(A1,+)).

Before the proof, we need a few lemmas.
Lemma 5.3. Let S be a non-negatively graded ring spectrum, and M,N two graded
S-modules. Suppose M is in gradings ≥ n+ 1, and N in gradings ≤ n. Then any
map M → N of graded S-modules is null.

The same is true for bimodules.
Proof. The bimodule statement has either the same proof, or follows from the
module case by using S ⊗ Sop, so we only treat the module case.

First, we note that without the S-module structure, this is obvious: any map of
graded spectra M → N is 0.

Second, we note that since S is non-negatively graded, all tensors S⊗k ⊗M are
in gradings ≥ n+ 1. Using the bar resolution for M and the case of graded spectra
with no S-module structure, we obtain the result. □

Corollary 5.4. Let f : S → R be a map of graded ring spectra, where R,S are
nonnegatively graded, and suppose furthermore that S is in gradings ≤ n for some
n. If the fiber I is in gradings ≥ 1, then for k ≥ n+ 1, the map I⊗Sk → S is null
as a map of graded S-bimodules, and hence also when forgetting the grading.
Proof. Since S is nonnegatively graded, I⊗Sk is in gradings ≥ k ≥ n+ 1 and so the
previous lemma applies directly. □

For a map of ring spectra S → R with fiber I, the map I⊗Sk → S being null is
a very strong nilpotence condition, and buys us the following:
Lemma 5.5. Let f : S → R be a map of ring specta with fiber I. If for n large
enough, the map I⊗Sn → S is null as a map of S-bimodules, then tensoring with
R is conservative on S-modules.
Proof. LetM be an S-module. By assumption, for n large enough, the map I⊗Sn⊗S

M →M is null. Thus, it can only be an equivalence if M ≃ 0. But if R⊗S M ≃ 0,
then I⊗SM ≃M and so I⊗Sn⊗SM ≃M by induction, via the canonical map. □
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The final lemma we will need concerns the specific structure of A1,+
η , and suggests

how we will use the previous three lemmas:

Lemma 5.6. The spectrum HomA1,+
η

(Xi,j , Xr,s) is nonzero only when r−s ≥ i−j.
Furthermore, if r − s = i− j, the map

HomA1,+
η

(Xi,j , Xr,s)→ HomA1
η
(Xi,j , Xr,s)

induced by p is an equivalence.

Proof. For the first half, we note that this spectrum is a basechange along a certain
ring map of the Q-homology of mapping spaces in a cobordism category. It thus
suffices to show that if r − s < i − j, this mapping space is empty, which we have
in Proposition 3.13.

For the second half of the claim, note that p has a section defined as the unique
2-ring map sending X 7→ X and so it suffices to prove the analogous claim for
the section. However, that section exists already at the level of cobordism cate-
gories, and since both mapping spectra are basechanges along the same ring map
of Q-homologies of the mapping spaces in those cobordism categories, it suffices
to prove the claim at the level of cobordism categories, which is also covered in
Proposition 3.13. □

We now have all that we need to prove Proposition 5.1 which, we recall, states
that p is conservative:

Proof of Proposition 5.1. The increasing union of the thick subcategories generated
by Xi,j for i+ j ≤ n is equal to A1,+

η , hence it suffices to prove conservativity when
restricted to any of these.

By the Schwede-Shipley theorem, this amounts to proving that basechange along
the E1-algebra map

EndA1,+
η

(
⊕

i+j≤n

Xi,j)→ EndA1
η
(
⊕

i+j≤n

Xi,j)

is conservative (on perfect modules, though our proof shows it in general).
Observe that we can grade naturally the objects

⊕
i+j≤n X

i,j in A1,+
η and A1

η

respectively by putting Xi,j in degree i − j, which canonically upgrades their en-
domorphism rings to graded ring spectra, and the map between them to a map of
graded ring spectra.

By Lemma 5.6, both these graded rings are concentrated in nonnegative gradings,
and furthermore that map is an equivalence on the grading 0 piece, so that its fiber
is concentrated in gradings ≥ 1.

We conclude using Corollary 5.4 and Lemma 5.5. □

Theorem 5.7. The category A1,+
η is local, and the exact-nilpotence condition fails

for A1,+
η , for the (image of the) universal fiber sequence Y → 1→ X.

In particular, the homological spectrum of A1,+
η is strictly larger than its Balmer

spectrum.

Proof. Since p : A1,+
η → A1

η is conservative, with the target a tt-field, we find that
A1,+

η is local.
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Now, let Y g−→ 1
f−→ X be the fiber sequence associated to the universal arrow

f : 1→ X and suppose there exists some z ∈ A1,+
η with either z ⊗ f or z ⊗ g being

⊗-nilpotent.
Recall from Construction 3.16 and Proposition 3.17 the involution ι : A1,+ →

A1,+, which sends f to g∨. Since it is a 2-ring map and A1,+
η is defined by inverting

nonzero endomorphisms of the unit, it also induces an involution on A1,+
η , which

we abusively still denote ι.
By replacing z with ι(z) if necessary, we may assume that z ⊗ g is ⊗-nilpotent.

This implies then that p(z)⊗ p(g) ≃ p(z ⊗ g) is ⊗-nilpotent as well.
Since z was assumed to be nonzero, Proposition 5.1 implies that p(z) is also

nonzero. However, by definition of p, p(g) is the fiber of 1
0−→ X in A1

η, and hence
it is the projection map ΩX ⊕ 1 → 1, which is split surjective. In particular,
p(z) ⊗ p(g) is split surjective as well, with target p(z), and the only way a split
surjective map can be ⊗-nilpotent is if the target is zero, a contradiction. □

Remark 5.8. As in Section 4, and the discussion in Section 4.B, we note that
a slight variant of the arguments given here also shows that for any map of com-
mutative ring spectra End(1A1)[ 1

t−n , n ∈ Z] → K, where K is a graded field, the
exact-nilpotence condition also fails for the basechange A1,+

K := A1,+ ⊗End(1A1 ) K.
The only point where the argument needs to be changed is when considering the

involution ι: instead, it induces an equivalence A1,+
K ≃ A1,+

K′ , where K ′ is the same
graded field as K, but equipped with a different map End(11

A)→ K
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Part II. Constructible Spectra in Higher Zariski Geometry

6. The E∞-Constructible Spectrum

In [BSY22, Appendix A], a constructible spectrum is constructed for objects in
any suitably nice “category of algebras,” by generalizing the notion of an “alge-
braically closed field”. In the context of higher Zariski geometry, there is a map
from the constructible spectrum to the Balmer spectrum whose image tracks exactly
those primes which can be detected by maps to pointlike rigid 2-rings. For the con-
venience of the reader, we recall the definitions/constructions of Nullstellensatzian
objects and the constructible spectrum.

Definition 6.1 ([BSY22, Definition A.1]). Let A be a presentable category. Then
A is said to be weakly spectral if it is compactly generated, the terminal object is
compact, and any map from the terminal object is an equivalence.

Definition 6.2 ([BSY22, Definition 1.1]). LetA be presentable and take any object
R ∈ A. Then we say that R is Nullstellensatzian if R is nonzero and every compact
object in AR/ is either zero or admits a map to the initial object.

These are the key ingredients going into creating a constructible spectrum in
some general category. This is summarized by the following theorem.

Theorem 6.3 ([BSY22, Theorem A.3/Lemma A.35]). Let A be a weakly spectral
category. Then there exists a unique functor

Speccons
A : Aop → Topcpt,T1,cl

to compact T1-topological spaces with closed maps between them satisfying a number
of properties. In particular, points of Speccons

A (R) correspond to equivalence classes
of maps R → S for S Nullstellensatzian, where S, S′ are said to be equivalent
if S

∐
R S

′ ̸= 0. The topology is determined by the stipulation that the image of
Speccons

A (S)→ Speccons
A (R) is closed for all maps R→ S in A.

With this in hand, we can now discuss the relation to the homological spectrum
in the rational case.

Proposition 6.4. The category 2−Ringrig of rigid 2-rings is weakly spectral, and
so too is the category 2− Ringrig

Q of rational rigid 2-rings.

Proof. The compactly generated assumption follows e.g., from the fact that Catperf

is compactly generated, and that the forgetful functor 2−Ringrig → Catperf is con-
servative, commutes with filtered colimits, and has a left adjoint (which therefore
sends compact objects to compact objects, which generate 2− Ringrig). The exis-
tence of a map from the terminal object 0 to a rigid 2-ring C implies EndC(1) ≃ 0,
which in turn implies that C ≃ 0.

The final claim follows by [BSY22, Lemma A.15] and the fact that 2−Ringrig
Q ≃

2− Ringrig
Db(Q)/

. □

Definition 6.5. For any rigid 2-ring C, define its constructible spectrum to be
Speccons(C) := Speccons

2−Ringrig(C).

Before we proceed, we record the following helper lemma.

Lemma 6.6. Let C be a rigid 2-ring. Then there is an induced adjunction
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PerfC(−) : CAlg (Ind (C))
(
2− Ringrig)

C/
: End−(1),

with fully faithful left adjoint and where the right adjoint commutes with filtered
colimits and finite coproducts.

Proof. Since C is rigid, so too are the categories PerfC(R) := ModR(Ind(C))ω for
commutative algebras R in Ind(C), and the claim about the induced adjunction
follows from [Lur17, Corollary 4.8.5.21]. Since filtered colimits commute with taking
endomorphisms of the unit, the right adjoint commutes with filtered colimits.

We reduce to checking that for rigid 2-rings D and E under C,
EndD⊗CE(1) ≃ EndD(1)⊗ EndE(1),

considered as algebras in Ind(C). Writing out the pushout diagram and giving
names to the relevant functors,

(6.1)
Ind(C) Ind(D)

Ind(E) Ind(D)⊗Ind(C) Ind(E),

f∗

g∗
h∗

k∗

we note that we can rewrite the algebra EndD⊗CE(1) in Ind(C) using the right
adjoints,

EndD⊗CE(1) ≃ f∗h∗(1D⊗CE) ≃ g∗k∗(1D⊗CE).
As in Proposition 2.21, we can use [Hau21, Theorem 4.6] to show that the square
6.1 is vertically right adjointable, which tells us that there is an equivalence f∗g∗ ≃
h∗k

∗. Applying this to the unit, we learn that
f∗h∗(1D⊗CE) ≃ f∗h∗k

∗(1E) ≃ f∗f
∗g∗(1E).

By the projection formula, we learn that
f∗f

∗g∗(1E) ≃ (f∗f
∗(1C))⊗ g∗(1E) ≃ f∗(1D)⊗ g∗(1E).

Finally, using again the identification of EndD(1) with the image f∗(1D) of the
unit under the right adjoint to f∗, and similarly for E, this yields the claim. □

With this in hand, we can make the following observation, relating the con-
structible spectrum of a category C back to the constructible spectrum of its unit
in the category of commutative C-algebras.

Proposition 6.7. Let C ∈ 2−Ringrig be a rigid 2-ring. Then there is an equivalence
of spaces

Speccons(C) ≃ Speccons
CAlg(Ind(C))(1C).

Proof. Using the induced adjunction from Lemma 6.6,

PerfC(−) : CAlg (Ind (C))
(
2− Ringrig)

C/
: End−(1),

and the fact that the right adjoint commutes with filtered colimits, the left adjoint
preserves compact objects.

We claim that the right adjoint takes Nullstellensatzian rigid 2-C-algebras to
Nullstellensatzian commutative algebras in CAlg (Ind (C)). Indeed, given any Null-
stellensatzian rigid 2-ring D with a map C → D, consider a nonzero algebra R
compact over EndD(1). Using the induced pushout square,
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PerfC(EndD(1)) D

PerfC(R) PerfD(R),

we find that PerfD(R) is compact over D. Since the top horizontal map is fully
faithful, Lemma 2.20 implies the bottom map is too, and in particular PerfD(R)
is nonzero. Since D is Nullstellensatzian, D → PerfD(R) must split, and applying
End−(1) yields a splitting of the map EndD(1)→ R, as desired.

Given any two maps from C to Nullstellensatzian rigid 2-rings D and E, these
represent the same point in Speccons(C) if and only if there’s a common refinement
to a map to a Nullstellensatzian rigid 2-ring F. Applying End−(1) to such a refine-
ment shows that the Nullstellensatzian C-algebras obtained from these categories
determine the same point in Speccons

CAlg(Ind(C))(1), giving a well-defined map

Speccons(C)→ Speccons
CAlg(Ind(C))(1),

which we claim to be an isomorphism.
First, consider a point in Speccons

CAlg(Ind(C))(1C) represented by a map 1C → S for
some Nullstellensatzian C-algebra S. The category Perf(S) is nonzero, so admits a
map Perf(S)→ S′ for some Nullstellensatzian rigid 2-ring S′ by [BSY22, Proposition
A.31]. This gives surjectivity of the map.

Next, suppose that we have Nullstellensatzian rigid 2-rings S and S′ under C

such that S⊗C S′ ≃ 0. By Lemma 6.6, End−(1) commutes with finite coproducts,
so that

EndS(1)⊗ EndS′(1) ≃ EndS⊗CS′(1) ≃ 0
in CAlg (Ind (C)), giving injectivity. □

To relate the constructible spectrum back to higher Zariski geometry, we make
the following simple observation.

Lemma 6.8. If L is a Nullstellensatzian rigid 2-ring, then it has no non-zero
proper tt-ideals, and in particular the Balmer spectrum Spc(L) ≃ ∗ is a single
point.

Proof. If L had a proper non-zero tt-ideal I, we could take some non-zero x ∈ I,
and note that L/⟨x⟩ is a compact non-zero algebra under L, so must split. Any
splitting of L→ L/⟨x⟩ shows that x ≃ 0 in L, contradicting the choice of x. □

Corollary 6.9. For any rigid 2-ring C, there is a canonical map

Speccons(C)→ Spc(C)

natural in C.

Proof. This follows from Lemma 6.8, where the map is defined explicitly by sending
a point in the constructible spectrum, represented by a map C → L for some
Nullstellensatzian rigid 2-ring L, to the image of the map Spc(L)→ Spc(C). □

We can give a precise meaning to the image of the comparison map:

Proposition 6.10. Let C be a rigid 2-ring, and consider any point P ∈ Spc(C).
Then, the following are equivalent.
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(a) There exists a rigid 2-ring D with Spc(D) ≃ ∗, together with a map C→ D of
rigid 2-rings, such that the image of

Spc(D)→ Spc(C)
is exactly P.
(b) The point P is in the image of the map

Speccons(C)→ Spc(C).
Proof. (a) =⇒ (b) Consider a rigid 2-ring D under C as in the statement. Since the
Balmer spectrum of D is non-empty, D is in particular nonzero, and so there exists
a map D → L to some Nullstellensatzian rigid 2-ring L. The point of Speccons(C)
represented by the rigid 2-ring map C→ L maps to the point P.

(b) =⇒ (a) Consider any point in the constructible spectrum mapping to P, and
take a Nullstellensatzian representative C → L for said point. Since Spc(L) ≃ ∗,
and the point represented by L maps to P, we can take D = L in the statement. □

The following is essentially [BSY22, Example A.72]:
Corollary 6.11. Let R be a height n < ∞ E∞-ring spectrum. For any point
P ∈ Spc(Perf(R)) such that P has height n > 0, there is no map of commutative
2-rings Perf(R)→ C to a 2-ring C with Spc(C) ≃ ∗ which picks out the point P.
Proof. It follows by [Hah16] (see also [BSY22, Theorem 1.5]) that if R is an Lf

n-local
Nullstellensatzian E∞-ring, then R is rational, so has height n = 0. □

The height n > 0 phenomenon is nothing new, as there already are no E∞ maps
out of spectra picking out the points of Spc(Perf(S)) corresponding to the Morava
K-theories K(n), n ∈ [1,∞). It turns out that the map Speccons(C)→ Spc(C) can
fail to be surjective in positive characteristic, too, as the following example shows.
Example 6.12. Consider the free E∞-F2-algebra R = F2{x}∞ on a class x in
degree 0. It is known (cf. [Law20, Example 5.10]) that π∗(R) is an infinite dimen-
sional polynomial ring on sequences of Dyer–Lashof operations QI(x) applied to
x. Consider the localization S := R(x) to the prime ideal (x) in π∗(R). One can
check that Perf(R) has two points in its Balmer spectrum by noting that the weak
rings R/x2 and R[1/x] are jointly nil-conservative, so the homological spectrum
consists of at least two points5, which correspond respectively to the zero ideal and
the ideal generated by R/x (that R/x2 is a weak ring follows from [Bur22, Lemma
5.4, Remark 5.5]).

We claim that there is no symmetric monoidal functor Perf(S) → D to a rigid
2-ring D with Balmer spectrum a point which picks out the point P corresponding
to R/x. By Proposition 6.10, it suffices to check that there is no map S → L to a
Nullstellensatzian E∞-F2-algebra L representing a point in Speccons(S) mapping to
P. Nullstellensatzian E∞-F2-algebras have been studied by Riedel [Rie25, Propo-
sition 4.16], where it was shown that if L is Nullstellensatzian, then it is 1-periodic
with π0(L) a field. In particular, if we had an E∞-ring map S → L picking out the
closed point of π∗(S), then the image of x must vanish in π∗(L). However, we are
considering E∞-ring maps and they are compatible with power operations. Thus
we would have to have Q1(x) 7→ 0 as well – by construction, Q1(x) is invertible in
S, so this forces L = 0, a contradiction.

5In fact, using Theorem 8.2, one can show that these are the only two points in the homological
spectrum.
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7. Constructible Spectra in the Rational Case

7.A. Constructible spectra and homological spectra. One cannot expect in
general that the comparison map

Speccons(C)→ Spc(C)
to be surjective for a given rigid 2-ring C, see Corollary 6.11 and Example 6.12.
Both of the examples there are not rational, and in fact the rational case is nice
enough that the comparison map is actually always surjective. In fact we can say
more, namely we have the following, which is the main theorem of this section:
Theorem 7.1. Let C be a rational rigid 2-ring. Then there is a natural isomor-
phism of sets Speccons(C) ≃ Spch(C) between the constructible spectrum and the
homological spectrum of C.
Remark 7.2. We hope that the above result motivates the study of Nullstellen-
satzian (rational) rigid 2-rings for tt-geometers. Forthcoming work of the third
author partially initiates the study of their structure, and in particular of their
K-theory.

The following formula for free commutative algebras on pointed objects in the
rational case will be crucial to proving Theorem 7.1.
Lemma 7.3 ([KY25, Corollary B]; [BD25, Proposition 4.6]). Let T be a ratio-
nal stable presentably symmetric monoidal ∞-category, and consider an E0-algebra
(that is, a pointed object) 1→ X in T. Then the free E∞-algebra on this E0-algebra
is given by the filtered colimit

FreeE∞/E0(1→ X) = lim−→
n

(
(X⊗n)hΣn

)
.

This in turn, allows us to make the following observation.
Proposition 7.4. Let T be a rational presentably symmetric monoidal stable ∞-
category such that the unit 1T is compact (e.g., if T = Ind (C) is the big category
attached to a rational rigid 2-ring C). A map f : 1→ X in T is ⊗-nilpotent if and
only if the free E∞-algebra on f vanishes, which is to say, if and only if

FreeE∞/E0(1→ X) ≃ 0: 1→ 0.
In particular, any pointed object f : 1 → X for which the pointing map is not ⊗-
nilpotent admits a nontrivial E0-algebra map to the underlying E0-algebra of an
E∞-algebra.
Proof. Clearly, if f is ⊗-nilpotent,

FreeE∞/E0(1→ X) ≃ 0: 1→ 0,
since the multiplication on any E∞-algebra R splits the map 1 → X over R, and
if this map were ⊗-nilpotent, then taking a high enough ⊗-power for it to be zero,
we can factor 1→ R as 1→ 0→ R, so R ≃ 0.

Conversely, suppose that
FreeE∞/E0(f : 1→ X) ≃ 0: 1→ 0.

By Lemma 7.3, we can identify FreeE∞/E0(f : 1 → X) with the filtered colimit of
f⊗n

hΣn
to rewrite this as

lim−→
(
f⊗n

hΣn
: 1→ X⊗n

hΣn

)
≃ 0: 1→ 0.
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Since the unit object was assumed to be compact, this implies there exists some n
such that f⊗n

hΣn
≃ 0, and we claim also that f⊗n ≃ 0. Note that there is a natural

commutative diagram

1hΣn (X⊗n)hΣn

1 X⊗n

1hΣn
(X⊗n)hΣn

.

(f⊗n)hΣn

f⊗n

f⊗n
hΣn

Since we are rational, the rightmost vertical composite from the homotopy fixed
points to the homotopy orbits of the action of the finite group Σn is an equivalence,
with inverse given by a multiple of the norm map Nm (specifically 1

n! Nm). Similarly,
since the action of Σn on 1⊗n ≃ 1 is trivial, both leftmost vertical maps are
equivalences, where in fact the first leftmost vertical map can be identified with the
identity map, and the second one with multiplication by n!. In particular, we have
that f⊗n factors through (f⊗n)hΣn which is equivalent to (f⊗n)hΣn

, which in turn
is nullhomotopic, so that f⊗n is nullhomotopic. □

The next step is to finally relate the homological spectrum to the constructible
spectrum by means of computing the homological spectrum of Nullstellensatzian
objects.

Lemma 7.5. Let C be a rational rigid 2-ring, and let A ∈ CAlg (Ind (C)) be a
Nullstellensatzian commutative algebra object. Then the homological spectrum of
the category of perfect A-modules in C, Spch(PerfC(A)), consists of a single point.

Proof. Consider two points
m1 and m2 in Spch(PerfC(A)). Taking the corresponding “residue fields” from

Remark 2.11 we find corresponding weak rings Emi
over A.

Since the pointed object in A- Mod(Ind(C)) given by A → Emi
is a weak ring,

the pointing map cannot be ⊗-nilpotent. Applying Proposition 7.4, we can find
nonzero E∞-A-algebras Li in Ind(C) together with maps of pointed objects

A→ Emi
→ Li,

Since Li are nonzero as A-algebras, they are also nonzero in CAlg (Ind (C)), so
there exists Nullstellensatzian objects Si in CAlg (Ind (C)) with maps Li → Si.

Since A was chosen to be Nullstellensatzian, its constructible spectrum consists
of a single point by [BSY22, Proposition A.31], and so we find that S1 ⊗A S2 ̸= 0.
This implies in turn that L1 ⊗A L2 ̸= 0, and thus that Em1 ⊗A Em2 ̸= 0. Applying
Proposition 2.12, this in turn implies that m1 = m2. Since they were arbitrary
points, this proves the claim. □

Corollary 7.6. Let C be a rational rigid 2-ring. For any Nullstellensatzian algebra
A ∈ CAlg (Ind (C)), every non-zero object of the category PerfC(A) is ⊗-faithful;
equivalently, its coevaluation map splits.

Proof. Note first that given any non-zero X ∈ PerfC(A), the morphism
coevX : A→ X ⊗X∨
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is split after tensoring with X, so cannot be ⊗-nilpotent. Using Proposition 7.4, the
free E∞-A-algebra on coevX is a nonzero compact A-algebra, so admits a section
back to A since A is Nullstellensatzian. For a given choice of section, the composite

A→ X ⊗X∨ → FreeE∞/E0(coevX)→ A

splits coevaluation of X, and so X must be ⊗-faithful. □

Corollary 7.7. Let C be a rational rigid 2-ring. For any Nullstellensatzian algebra
A ∈ CAlg (Ind (C)), every rigid 2-ring map

F : PerfC(A)→ D

with D ̸= 0 is conservative for maps between compact objects, meaning that any
non-zero map f : Y → X between compact objects in PerfC(A) has F (f) ̸= 0 in D.

Proof. Without loss of generality, A = 1 (and 1 is Nullstellensatzian).
Using rigidity, up to replacing f by its mate Y ⊗ X∨ → 1, we may assume

without loss of generality that f has target 1. If f is not zero, then the map
r := cofib(f) : 1→ Z

is not split injective. Since FreeE∞/E0(r) is a compact commutative algebra, and 1
is Nullstellensatzian, it follows that FreeE∞/E0(r) ≃ 0. Applying Lemma 7.3, this
implies that r is ⊗-nilpotent, and hence so is F (r). Since D is nonzero and F (r)
has source 1D, it follows that F (r) is not split injective, and hence F (f) is non
zero, as was to be shown. □

Remark 7.8. Although it seems reasonable to expect, forthcoming work of the
third author will show that Nullstellensatzian rigid 2-rings are not tt-fields in the
sense of [BKS19]! In fact, they are not even pure-semisimple in the sense of [BKS19,
Theorem 5.7] and drastically fail condition (iii) in loc. cit.

Without further ado, we can prove the main theorem of the section.

Proof of Theorem 7.1. By Proposition 6.7, instead of working with the constructible
spectrum of C, Speccons(C), we can work equally well with the constructible spec-
trum of 1C defined internally to commutative algebras in the big category Ind(C),

Speccons
CAlg(Ind(C))(1C).

Any Nullstellensatzian algebra S in CAlg (Ind (C)) determines a functor

C
−⊗S−−−→ PerfC(S).

By Lemma 7.5, we have that Spch(PerfC(S)) is a singleton, so we can define a map
Speccons

CAlg(Ind(C))(1C)→ Spch(C),
by taking a Nullstellensatzian commutative algebra S representing a point in the
constructible spectrum to the image of the induced map

∗ ≃ Spch(PerfC(S))→ Spch(C).
If S1 and S2 are two Nullstellensatzian commutative algebras representing the same
point in the constructible spectrum, then again by [BSY22, Lemma A.35], there
exists another Nullstellensatzian commutative algebra S3 with maps S1 → S3 ← S2.
Functoriality of Spch(−) shows that point of the homological spectrum attached to
S1 agrees with the one attached to S2, and so our total comparison map is indeed
well-defined.
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To see that the map is surjective, pick any homological prime m ∈ Spch(C), and
consider once again the residue field Em at m. Applying Proposition 7.4, there
exists a nonzero E∞-algebra L with a map of pointed objects Em → L. Choose
some Nullstellensatzian E∞-algebra S in CAlg (Ind (C)) with a map L→ S. Then,
for all homological primes p ̸= m ∈ Spech(C), since we have that Ep ⊗ Em ≃ 0 by
[Bal20b, Proposition 5.3], it follows that S ⊗ Ep ≃ 0 for all primes p ̸= m. Since
the kernel of S⊗− contains Ep for all p ̸= m, the only possible prime that the map
Spch(PerfC(S)) → Spch(C) can possibly hit is m itself. Since m was arbitrary, the
map is surjective.

Finally, we must show injectivity of the comparison map. Choose an arbitrary
set-theoretic section

Spch(C)→ Speccons
CAlg(Ind(C))(1C),

and lift this arbitrarily to a collection Sm of Nullstellensatzian commutative algebras
in CAlg (Ind (C)) with Sm representing the point above m in the chosen section.
If the map is not injective, then there exists some point not in the image of this
section, which corresponds to a Nullstellensatzian commutative algebra S such that
S ⊗ Sm ≃ 0 for all m ∈ Spch(C). Now, [Bar+24, Theorem 1.9] tells us that the
family {C → PerfC(Sm)}m∈Spch(C) is jointly nil-conservative. By Proposition 2.21,
the basechange

{PerfC(S)→ PerfC(S)⊗C PerfC(Sm)}m
is also jointly nil-conservative. However, we have that

PerfC(S)⊗C PerfC(Sm) ≃ PerfC(S ⊗ Sm) ≃ 0,

for all m ∈ Spch(C). Since the map from PerfC(S)→ 0 is nil-conservative, we find
that S itself must be zero, contradicting the fact that S is Nullstellensatzian. □

7.B. Consequences for residue fields. Using Theorem 7.1, we can provide cri-
teria for certain rational rigid 2-rings to admit enough tt-fields.

Corollary 7.9. Let C be a rational rigid 2-ring such that for all Nullstellensatzian
commutative C-algebras L ∈ CAlg (Ind (C)), PerfC(L) is a tt-field in the sense of
[BKS19]. Then for any commutative algebra R ∈ CAlg (Ind (C)), the category
PerfC(R) has enough tt-fields.

Proof. For any point in the homological spectrum of PerfC(R), choose a map R→ L
to a Nullstellensatzian commutative C-algebra L representing that point, which
exists by Theorem 7.1. The induced functor

PerfC(R)→ PerfC(L)

acts as a tt-field at the given point. □

Corollary 7.10. Suppose that C is a rational rigid 2-ring such that all Nullstel-
lensatzian commutative algebras in Ind(C) have module categories which are tt-
fields. Then for all commutative algebras R ∈ CAlg (Ind (C)), and for any object
X ∈ Ind((PerfC(R)), the genuine and naive homological support of X agree,

Supph(X) = Suppn(X).

Proof. This follows by Corollary 7.9 and [Bar+26, Proposition 1.16]. □
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Corollary 7.11. If R is a rational E∞-ring, then Perf(R) has enough tt-fields, and
points in the homological spectrum of Perf(R) are all witnessed by maps from R into
rational 2-periodic fields. In particular, for any module over a rational E∞-ring R,
its naive homological support agrees with its genuine homological support.

Proof. This follows from Corollary 7.9, using the description ([BSY22, Theorem A])
of Nullstellensatzian rational E∞-rings as even 2-periodic fields with π0 algebraically
closed. The final claim follows by Corollary 7.10. □

7.C. The c-topology. In the context of the general theory of constructible spec-
tra, a certain canonical topology was introduced in [BSY22], which we now recall.

Definition 7.12 ([BSY22, Definition A.44]). A map C → D of rational rigid 2-
rings will be said to be a c-cover if it induces a surjection on constructible spectra,
and the topology generated by c-covers is called the c-topology.

Remark 7.13. The c-topology has another more classical name, appearing in
[MM94, pg. 115, (e)] under the name of the dense topology (or later as the double
negation topology).

Remark 7.14. Combining Theorem 7.1 and Theorem 2.19 we find that c-covers
of rational rigid 2-rings are exactly nil-conservative functors.

In our specific case, we are able to use Theorem 7.1 to deduce some very nice
properties about covers for the c-topology, at least locally.

Proposition 7.15. Let C be a rational rigid 2-ring, I a set, and Li an I-indexed
collection of Nullstellensatzian algebras Li ∈ CAlg (Ind (C)) . Any c-cover

∏
I Li →∏

J L
′
j by a product of Nullstellensatzians refines to a c-cover∏

I

Li →
∏
J

L′
j →

∏
I

L′′
i ,

with the composite induced by maps of Nullstellensatzian algebras Li → L′′
i indexed

by the original set I.

Proof. First, note that since
∏

I Li →
∏

J L
′
j is a c-cover, it is nil-conservative, so

that
Li ⊗∏

I
Li

∏
J

L′
j ̸= 0.

Define L′′
i as some Nullstellensatzian commutative algebra in C under this tensor

product Li ⊗∏
I

Li

∏
J L

′
j .

We find that these maps Li → L′′
i assemble to give a factorization∏

I

Li →
∏
J

L′
j →

∏
I

L′′
i ,

and we are left to show that the composite is a c-cover.
For this, recall from Corollary 7.7 that any functor out of a Nullstellensatzian

rational rigid 2-ring is conservative on morphisms between compacts, and in par-
ticular this is true for basechange along Li → L′′

i . As this property is stable under
taking products of rigid 2-rings (which the categories of perfect modules over the
products of algebras embed fully faithfully into), basechange along∏

I

Li →
∏

I

L′′
i
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is conservative on morphisms between compact objects. Finally, using that a 2-
ring map which is conservative on morphisms between compacts is in particular
nil-conservative (e.g. by writing any weak ring as a filtered colimit of compact
E0-algebras and using that 1 → 0 is compact), we find that

∏
I Li →

∏
I L

′′
i is a

c-cover, as desired. □

Before deducing more consequences of Theorem 7.1, we make a small digression
to compute the Balmer spectrum of a product of Nullstellensatzian objects.

Lemma 7.16. Let C be a rational rigid 2-ring, I a set, and Li an I-indexed collec-
tion of Nullstellensatzian algebras Li ∈ CAlg (Ind (C)) . Then the Balmer spectrum
Spc(PerfC(

∏
I Li)) is isomorphic to the Stone–Čech compactification βI of the set

I.

Proof. Note that there is a fully faithful inclusion

PerfC(
∏

I

Li) ↪→
∏

I

PerfC(Li),

which is therefore nil-conservative and hence induces a surjective map on Balmer
spectra by [Bar+24, Theorem 1.4]. By naturality of the comparison map from
Proposition 2.2, and the fact that the endomorphism ring of the unit in the two
categories agree, it suffices to show that

βI ∼= Spc(
∏

I

PerfC(Li)) ∼= Spech(π∗(End∏
I

PerfC(Li)(1))).

Since each Li is a Nullstellensatzian commutative algebra in C, its endomorphism
ring is also Nullstellensatzian, and in particular by [BSY22, Theorem 6.3] is an even
2-periodic algebraically closed field. Since taking endomorphism rings of the unit
commutes with products, we have that

End∏
I

PerfC(Li)(1) ≃
∏

I

EndPerfC(Li)(1)

is an I-indexed product of even 2-periodic algebraically closed fields, and in partic-
ular has graded homogeneous spectrum exactly the Stone–Čech compactification
βI of the set I.

The Balmer spectrum of
∏

I PerfC(Li) clearly surjects onto βI, since for any
ultrafilter U on I, the ultraproduct

∏
U PerfC(Li) is nonzero, living over the point

U ∈ βI. Note that this localization also has Balmer spectrum consisting of a single
point by Lemma 2.7 and Corollary 7.6 since every nonzero object is ⊗-faithful, and
the localization corresponds to the prime

PU = {(xi)i∈I ∈
∏

I

PerfC(Li) : {i : xi ≃ 0} ∈ U}.

We claim that these are the only prime ideals. Indeed, note first that for any
(xi)i∈I ∈

∏
I PerfC(Li), the ideal generated by xi agrees with the ideal generated by

the object (δxi ̸=0)i∈I with a 1 in the position of every nonzero xi and zero elsewhere.
To see this, note that this second object (which is in fact idempotent) tensors with
(xi)i∈I to itself, and also splits off of (xi)i∈I ⊗ (x∨

i )i∈I , again by Corollary 7.6.
Therefore any ideal I ⊆

∏
I PerfC(Li) is determined by the set

F(I) := {S ⊆ I : (δi∈S)i∈I /∈ I}.
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In general, one can check that for any proper ideal I, the set F(I) is a filter on
the set I, and this gives a bijective correspondence between filters on I and proper
ideals in

∏
I PerfC(Li).

Under this correspondence, an ideal I is prime if and only if, given any two sets
S1, S2 ⊆ I, S1 ∪ S2 ∈ F(I) implies that S1 ∈ F(I) or S2 ∈ F(I), which is exactly
the condition that F(I) is an ultrafilter, in which case the prime ideal I is nothing
but PF(I), which must therefore be the only primes, as claimed. □

Corollary 7.17. Let C be a rational rigid 2-ring. When restricted to the full
sub-category NSΠ (CAlg (Ind (C))) of products of Nullstellensatzian commutative
algebras in C, the Balmer spectrum functor R 7→ Spc(PerfC(R)), considered as
a presheaf valued in Setop, is a sheaf for the c-topology.

Proof. To begin, note that if we have a cover of the form
∏

I Li →
∏

I L
′
i for Li,

L′
i Nullstellensatzian commutative algebras and maps Li → L′

i, then given distinct
ultrafilters U1 and U2 on I, we have∏

U1

L′
i ⊗∏

I
Li

∏
U2

L′
i ≃ 0.

This implies that the two induced maps on Balmer spectra under∏
I L

′
i

∏
I L

′
i ⊗∏

I
Li

∏
I L

′
i

actually agree, which forces Spc(PerfC(−)) to satisfy the sheaf condition on these
covers.

We must still check, given a cover of the form∏
I

Li →
∏
J

L′
j ,

that Spc(PerfC(
∏

I Li)) is the quotient of Spc(PerfC(
∏

J L
′
j)) under the two maps

from Spc(PerfC(
∏

J L
′
j⊗∏

I
Li

∏
J L

′
j)). Using Proposition 7.15, fix some refinement

of this cover of the form
∏

I Li →
∏

J L
′
j →

∏
I L

′′
i .

Fix some ultrafilter U on I, and denote by U ′ the ultrafilter on J such that∏
J L

′
j →

∏
U L

′′
i factors over

∏
U ′ L′

j , that is, the image of U in Spc(PerfC(
∏

J L
′
j)).

Take any other ultrafilter V on J which maps to U in Spc(PerfC(
∏

I Li)), we claim
that there is a point mapping to both V and U ′ under the two maps we wish to
co-equalize. Using once again (the proof of) Proposition 7.15, we find that the map∏

U
Li →

∏
U
L′′

i

is nil-conservative, and by construction, this factors over the map

(7.1)
∏
U
Li →

∏
U ′

L′
j ,

which must therefore be nil-conservative as well. Finally, we note that to say V
maps to U , is to say that the map∏

I

Li →
∏
V
L′

j
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factors over
∏

U Li, and by nil-conservativity of 7.1, we have that∏
V
L′

j ⊗∏
U

Li

∏
U ′

L′
j ̸= 0,

and this gives a point of Spc(PerfC(
∏

J L
′
j ⊗∏

I
Li

∏
J L

′
j)) which co-equalizes U ′

and V, as desired. □

This allows us to construct a sheafification for the Balmer spectrum functor in
the c-topology, which takes values in a category which is not presentable, but that
we can nevertheless work with. For this, we first recall some basic facts about
sheaves in not necessarily presentable 1-categories.

Proposition 7.18. Let C be a Grothendieck site, and i : B ⊂ C a subbasis for
the topology: that is, a full subcategory such that each c ∈ C admits a cover by an
object in B.

In this case, restriction along the inclusion i induces an equivalence on categories
of sheaves with values in any complete 1-category, with inverse given by right Kan
extension.

Proof. For the target category being Set, this is [AGV63, Exposé III, Théorème
4.1]. For a general complete target category, use the Yoneda lemma to reduce to
Set.

The claim about the inverse follows [AGV63, Exposé III, Proposition 2.3, 3)],
with the same reduction to the case of sets. □

Remark 7.19. For ∞-categories of coefficients, one would have to restrict to hy-
persheaves.

Corollary 7.20. Let C be a Grothendieck site and B a subbasis on C. Let D be a
complete 1-category and F : Cop → D be a presheaf.

If the restriction of F to B is a sheaf, then the sheaf F̃ on C corresponding to
F|B under the equivalence from the previous Proposition is the sheafification of F ;
in particular F admits a sheafification.

Proof. Let G be a sheaf. By the right Kan extension property of Proposition 7.18
applied to G, restriction to B induces an isomorphism

hom(F,G) ∼= hom(F|B , G|B)
Now since both are sheaves, Proposition 7.18 implies that this is isomorphic (again
via restriction to B) to hom(F̃ , G), as was to be shown. □

In particular, concretely, for any object x ∈ C, the value of the sheafification of
F at x is given by finding a hypercover y1 ⇒ y0 → x, with y0, y1 ∈ B, and taking
eq(F (y0) ⇒ F (y1)). This implies in particular that these results remain valid for
large sites.

Corollary 7.21. Let C be a Grothendieck site and B a subbasis on C. Let D be a
complete 1-category and F : Cop → D be a presheaf.

If the restriction of F to B is a sheaf, and F → G is a map to a sheaf which is
an isomorphism locally on B, then it is a sheafification.

One can look at the comparison map from the Balmer spectrum to the spectrum
of graded homogeneous prime ideals in the graded endomorphism ring of the unit,
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rationally. Although these functors will often differ, as a corollary of what we have
seen thus far, we find that when we sheafify them with respect to the c-topology,
the sheafifications will in particular exist, and they will become equal.

Corollary 7.22. Let C be a rational rigid 2-ring. The sheafification of the Balmer
spectrum functor

Spc(PerfC(−)) : CAlg (Ind (C))→ Setop

with respect to the c-topology exists, and agrees with its value on products of Null-
stellensatzian objects. Furthermore, this sheafification is equal to the c-sheafification
of the functor sending R to the spectrum of graded homogeneous prime ideals in the
underlying E∞-ring of R:

R 7→ Spechom(π∗(HomC(1, R))).

Proof. When restricted to the sub-category of products of Nullstellensatzian ob-
jects, these two functors agree by Lemma 7.16. Now, since this restriction is a
c-sheaf by Corollary 7.17, and this full sub-category forms a sub-basis for the c-
topology, the sheafifications of both functors exist and agree by Corollary 7.20. □

In nice cases, we can say more about this constructible topology.

Theorem 7.23. Let C be a rational rigid 2-ring, and consider the following state-
ments.
(a) There exists some n such that for all Nullstellensatzian commutative algebras
L ∈ CAlg (Ind (C)), the category PerfC(L) satisfies the exact-nilpotence condition
to order n.
(b) Ultraproducts of Nullstellensatzian objects in CAlg (Ind (C)) have constructible
spectrum consisting of a single point, which is to say that ultraproducts are pointlike.
In particular, in this case the category CAlg (Ind (C)) is spectral in the sense of
[BSY22, Definition A.63].
(c) For all R ∈ CAlg (Ind (C)), the sheafification of the Balmer spectrum functor
R 7→ Spc(PerfC(R)) landing in (Set)op with respect to the c-topology agrees with
Speccons(PerfC(R)).
(d) For all R ∈ CAlg (Ind (C)), the constructible topology on Speccons(PerfC(R)) is
Hausdorff.
Then, (a) =⇒ (b)⇐⇒ (c) =⇒ (d).

Proof. (a) =⇒ (b) Consider an ultrafilter U on a set I, and an I-indexed family
Li of Nullstellensatzian algebras in C. We wish to show that the constructible
spectrum of the ultraproduct

∏
U Li is a single point. By Theorem 7.1, it suffices

to show that the homological spectrum of PerfC(
∏

U Li) is a single point. Using
full faithfulness (and hence nil-conservativity) of the inclusion

PerfC(
∏
U
Li)→

∏
U

PerfC(Li),

it suffices to show that the homological spectrum of
∏

U PerfC(Li) is a single point.
Now, by assumption, the categories PerfC(Li) satisfy ENC(n), and so too does
their ultraproduct, whose homological spectrum therefore agrees with its Balmer
spectrum. Lemma 7.16 further shows that the Balmer spectrum of the ultraproduct
is a single point.
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(b) =⇒ (c) By [BSY22, Corollary A.46], the target of the natural comparison
map

Spc(PerfC(R))→ Speccons(PerfC(R))
of presheaves valued in (Set)op is such that the target is actually a sheaf. By
Corollary 7.21, in order to check that the target is a sheafification of the source, it
suffices to check that this map is an isomorphism locally for the c-topology.

Taking a c-cover
R→

∏
q∈Speccons(R)

(Lq)

given by a product of Nullstellensatzian representatives Lq for each point in the
constructible spectrum of R, we may assume that R =

∏
I Li is a product of Null-

stellensatzian C-algebras. Using that ultraproducts are pointlike and CAlg (Ind (C))
is op-disjunctive by [BSY22, Lemma A.58], [BSY22, Lemma A.61] implies that the
constructible spectrum of a product Speccons(

∏
I Lq) is given by the Stone–Čech

compactification βI of the set I. Similarly, Lemma 7.16 shows that the Balmer
spectrum of PerfC(

∏
I Li) is also the Stone–Čech compactification of I, with the

local category at the prime U ∈ βI given by the ultraproduct PerfC(
∏

U Li), which
tells us that the comparison map

Speccons(
∏

I

Li)→ Spc(PerfC(
∏

I

Li))

is an equivalence, and the claim is shown.
(c) =⇒ (b) Using Corollary 7.22, the sheafification of the Balmer spectrum

functor with respect to the c-topology agrees with the Balmer spectrum functor on
products of Nullstellensatzian commutative algebras. To say that this sheafification
is the constructible spectrum implies that, for such a product

∏
I Li, the comparison

map induces an equivalence

Speccons(PerfC(
∏

I

Li)) ≃ Spc(PerfC(
∏

I

Li)).

That is to say, the nerves of steel condition holds for the category PerfC(
∏

I Li).
Translating to the local rings over a point in the Balmer spectrum, we find that,
for any ultrafilter U on a set I, and an I-indexed set of Nullstellensatzians, we have

Speccons(PerfC(
∏
U
Li)) ≃ Spc(PerfC(

∏
U
Li)) ≃ ∗,

which is to say, ultraproducts in CAlg (Ind (C)) are pointlike.
(b) =⇒ (d) This follows from [BSY22, Proposition A.62]. □

Corollary 7.24. Let C be a rational rigid 2-ring. Then the following are equivalent:
(a) The weakly spectral category CAlg (Ind (C)) is spectral.
(b) Given an ultrafilter U on a set I, and an I-indexed collection Li ∈ CAlg (Ind (C))
of Nullstellensatzian objects, the nerves of steel condition holds for the category
PerfC(

∏
U Li).

(c) Given a set I, and an I-indexed collection Li ∈ CAlg (Ind (C)) of Nullstellen-
satzian objects, the nerves of steel condition holds for the category PerfC(

∏
I Li).

Proof. (a)⇐⇒ (b) Note that CAlg (Ind (C)) is spectral if and only if ultraproducts
are pointlike, which is to say, given an ultrafilter U on a set I, and an I-indexed
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collection Li of Nullstellensatzian objects, the spectrum Speccons
C (

∏
U Li) is a sin-

gle point. Once again, by Corollary 7.6, every non-zero object in PerfC(
∏

U Li)
is ⊗-faithful, and in particular the Balmer spectrum has only a single point. In
particular, the nerves of steel condition holds for this category if and only if
Speccons

C (
∏

U Li) is a single point, if and only if CAlg (Ind (C)) is spectral.
(b) ⇐⇒ (c) Again, it follows from Corollary 7.6 that the Balmer spectrum of

PerfC(
∏

I Li) is given by the Stone–Čech compactification βI of I. In particular,
by the fiber-wise criterion for the nerves of steel condition, this category satisfies
NoS if and only if all of its localizations to closed points do. Since the points of βI
are given by ultrafilters U on I, with corresponding local rigid 2-ring PerfC(

∏
U Li)

at the prime represented by U , the claim follows. □

If we are allowed to work with all rational rigid 2-rings, the conditions of Theo-
rem 7.23 strengthen to all be equivalent, and in fact one can add a few more:

Proposition 7.25. The following are equivalent
(a) For all rational rigid 2-rings C, the space Speccons(C) is Hausdorff.
(b) The space Speccons(A1,+

η ) is Hausdorff.
(c) There exists some n ≫ 0 such that the algebras FreeE∞/E0(cofib(f∨,⊗n)) and
FreeE∞/E0(cofib(g⊗n)) in A1,+

η are jointly nil-conservative, with f the free map from
the unit to the free pointed object, and g its fiber.
(d) There exists n≫ 0 such that for all Nullstellensatzian rational rigid 2-rings L

which contain an object Z such that A1 Z−→ L factors over A1
η, L satisfies ENC(n).

(e) There exists some n≫ 0 such that all Nullstellensatzian rational rigid 2-rings
satisfy ENC(n).
(f) The category 2− Ringrig

Q is spectral.

Proof. (a) =⇒ (b) is clear.
(b) =⇒ (c) The points in A1,+

η determined by p : A1,+
η → A1

η and p◦ι have residue
fields picked out by the E∞-algebras FreeE∞/E0(f) and FreeE∞/E0(g∨), respectively.
If Speccons(A1,+

η ) is Hausdorff, then there exists disjoint open neighborhoods of these
two points. These open subsets are represented by functors A1,+

η → C and A1,+
η →

D, such that FreeE∞/E0(f) = 0 in C, FreeE∞/E0(g∨) = 0 in D, and A1,+
η → C×D is

nil-conservative. Since FreeE∞/E0(f) ≃ 0 in C, Proposition 7.4 implies that f⊗m ≃ 0
in C for somem≫ 0. This means in particular that FreeE∞/E0(cofib(f∨,⊗m)) admits
a splitting back to the unit after base-changing it into C, which in turn implies that
A1,+

η → C factors over

A1,+
η → PerfA1,+

η
(FreeE∞/E0(cofib(f∨,⊗m)))→ C.

Similarly, there exists some k such that A1,+
η → D factors as

A1,+
η → PerfA1,+

η
(FreeE∞/E0(cofib(g⊗k)))→ D.

Up to increasing k or m as needed, we may assume without loss of generality that
k = m = n, for some n ≫ 0. Now, since A1,+

η → C and A1,+
η → D are jointly

nil-conservative, so too are the functors
A1,+

η → PerfA1,+
η

(FreeE∞/E0(cofib(g⊗n)))

and
A1,+

η → PerfA1,+
η

(FreeE∞/E0(cofib(f∨,⊗n))),
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as claimed.
(c) =⇒ (d) Let L be a rational Nullstellensatzian rigid 2-ring containing such an

object Z, and consider any fiber sequence

Y
g−→ 1

f−→ X

in L. Up to replacing f : 1→ X by f ⊕ 0⊕ 0: 1→ X ⊕ΣX ⊕Z if needed, we may
assume without loss of generality that the functor A1,+ f−→ L factors over A1,+

η .
By (c), there exists some n such that the algebras FreeE∞/E0(cofib(f∨,⊗n)) and

FreeE∞/E0(cofib(g⊗n)) are jointly nil-conservative on A1,+
η , and so too then will

be their basechange to L. Since these are free E∞-algebras in L on compact E0-
algebras, and L is Nullstellensatzian, the map from the unit splits as soon as one of
them is nonzero- and one must be nonzero because they are jointly nil-conservative.

By symmetry of cases, assume that, in L, FreeE∞/E0(cofib(g⊗n)) ̸= 0, such that
this algebra splits back to 1L. Then the map cofib(g⊗n) : 1 → W splits, which
implies that g⊗n ≃ 0, and L satisfies ENC(n).

(d) =⇒ (e) Using Corollary 7.7 (applied e.g. to C = L and A = 1), we find that
any functor out of a Nullstellensatzian rational rigid 2-ring L is conservative for
morphisms between compact objects. Taken together with Corollary 7.6, which tells
us that we are free to always take Z = 1 when checking the exact-nilpotence condi-
tion in Nullstellensatzian rational rigid 2-ring, we find that any failure of ENC(n) in
such a category L will provide a similar failure for every Nullstellensatzian rational
rigid 2-ring L′ admitting a map from L.

It remains to show that any Nullstellensatzian L admits a map to another Null-
stellensatzian rigid 2-ring L′ satisfying the hypothesis in (d). For this, use that
Db(Q) → A1

η is nil-conservative, and so too then is L → L ⊗ A1
η, and in particular

the target is nonzero. For any choice of map L ⊗ A1
η → L′ to a Nullstellensatzian

rigid 2-ring L′ yields a map L→ L′ with L′ satisfying the hypothesis in (d).
(e) =⇒ (f) Since 2−Ringrig

Q can be shown to be op-disjunctive, it remains to show
that ultraproducts are pointlike. Using Theorem 7.1, this is equivalent to showing
that for any ultrafilter U on a set I, and I-indexed collection Li of Nullstellensatzian
rigid 2-rings, the ultraproduct

∏
U Li has homological spectrum consisting of a

single point. Since its Balmer spectrum is a single point (as once again every
object is ⊗-faithful), this is equivalent to the Nerves of steel condition holding for
this product, which is itself, by locality, equivalent to the exact-nilpotence condition
in this category. Since the ultraproduct of local categories satisfying ENC(n) is still
local, and still satisfies ENC(n), the claim follows.

(f) =⇒ (a) This follows by [BSY22, Theorem A.65]. □

Remark 7.26. Since it seems likely that Nullstellensatzian rational rigid 2-rings
should be called tt-fields, in the case that ultraproducts in rational rigid 2-rings
are not pointlike, it would mean that one does not expect ultraproducts of a good
notion of “tt-fields” to remain tt-fields. This would be a point of divergence from
classical algebraic geometry, where of course, ultraproducts of fields remain fields.
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8. The En-Constructible Spectrum

8.A. En-constructible spectra. We have seen that the E∞-constructible spec-
trum of the unit in a rigid 2-ring may not necessarily even surject onto the Balmer
spectrum. In contrast, it turns out that fixing any finite n ≥ 1 and working with
the En-constructible spectrum, this problem can essentially be fixed because of
Burklund’s work [Bur22]. The natural generality to work in for the purposes of this
section is with rigid En-2-rings, n ≥ 3. We make the following definition.

Definition 8.1. Let Ind(C) be the Ind category of a rigid Em-2-ring. For any
1 ≤ n ≤ m, and any A ∈ AlgEn

(Ind(C)), let
Speccons

En
(A) := Speccons

AlgEn
(Ind(C))(A)

be the constructible spectrum of A in the weakly spectral6 category of En-algebra
objects in Ind(C).

The main goal of this subsection is to prove the following theorem.

Theorem 8.2. Let Ind(C) be the Ind category of a rigid Em-2-ring. Then for all
1 ≤ n < m, there is a natural equivalence of sets

Spch(C) ≃ Speccons
En

(1C).

As a consequence of this theorem, we can give a new topology to the homolog-
ical spectrum: the constructible topology. In its usual topology, the homological
spectrum is not necessarily even T0, but in the constructible topology it becomes
T1!

Remark 8.3. The topology defined via the constructible topology likely agrees
with the one definable from [BW25] through the identification of the homological
spectrum with their “closed Zeigler spectrum” KZg⊗

Cl(−), which naturally carries
the topology of a T1-space.

Before giving the proof, we require a few generalities on homological spectra.

Proposition 8.4. Let Ind(C) be the Ind category of a rigid Em-2-ring, and take
any 1 ≤ n ≤ m. Let m ∈ Spch(C) be a homological prime, and let Em be the
corresponding homological residue field. Write Em = cofib(v : Im → 1).

Then the object
En

m := cofib(vn+1 : I⊗n+1
m → 1)

is an En-algebra with homological support Supph(En
m) = {m}.

Proof. Since Em is a weak ring, it admits a right unital multiplication. Fixing
a choice of right unital multiplication, we find that En

m inherits an En-algebra
structure by [Bur22, Theorem 1.5]. Since Em ⊗ v is nullhomotopic, we have that
Em ⊗ En

m ̸= 0, so m ∈ Supph(En
m).

On the other hand, if we had any m′ ∈ Spch(C) different from m, Em′ ⊗Em ≃ 0
implies that Em′ ⊗ v is an equivalence, and then so too is Em′ ⊗ vn+1, and hence
Em′ ⊗ En

m ≃ 0 as well. □

We make use of the following simple observation.

6See [BSY22, Remark A.10].



46 TOBIAS BARTHEL, LOGAN HYSLOP, MAXIME RAMZI

Lemma 8.5. If A,B are weak rings in Ind(C), and there is a map
A→ B

of pointed objects, then
Supph(B) ⊆ Supph(A).

In particular, if B ̸= 0 and Supph(A) is a single point, then Supph(B) = Supph(A).

Proof. Suppose that we are given m /∈ Supph(A), so that Em ⊗ A ≃ 0. Note that
Em ⊗ B is a tensor product of weak rings, so is itself a weak ring. Using that the
map

1→ Em ⊗B
factors over

1→ Em ⊗A ≃ 0→ Em ⊗B
the zero map, we see that we must have Em ⊗B ≃ 0 as well. □

Proposition 8.6. Let A,B be En-algebras in the Ind category of a rigid Em-2-ring
Ind(C), with 1 ≤ n < m. Then, we have that

Supph(A
∐

B) = Supph(A) ∩ Supph(B) = Supph(A⊗B),

and in particular, A
∐
B ̸= 0 if and only if A⊗B ̸= 0.

Proof. Since n < m, A⊗B can be given a canonical En-algebra structure, and the
maps A→ A⊗B,B → A⊗B can be made canonically En.

Thus, there exists an En-algebra map
A
∐

B → A⊗B

by the universal property, so Lemma 8.5 ensures that
Supph(A⊗B) ⊆ Supph(A

∐
B).

Similarly, the En-algebra maps
A→ A

∐
B and B → A

∐
B

show that
Supph(A

∐
B) ⊆ Supph(A) ∩ Supph(B).

Since Supph(A⊗B) = Supph(A)∩Supph(B) by Proposition 2.14, we get the desired
equality.

The final claim follows from Proposition 2.16. □

Now we can finally begin to introduce the constructible spectrum to the picture,
by way of describing homological support of Nullstellensatzian En-algebras:
Proposition 8.7. Let L be a Nullstellensatzian En-algebra in Ind(C), with n <

m. Then the homological support Supph(L) of L consists of a single point in the
homological spectrum.

Proof. Indeed, suppose that m and m′ are two distinct points in Supph(L). By
Proposition 8.6, the following two En-algebras under L

En
m

∐
L,En

m′

∐
L

are nonzero, but
(En

m

∐
L)
∐

(En
m′

∐
L) ≃ 0.
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This in turn implies that

(En
m

∐
L)
∐
L

(En
m′

∐
L) ≃ 0

as well.
This tells us that the images of the two maps on constructible spectra of induced

by these algebras are disjoint. However, we assumed that L was Nullstellensatzian,
so that Speccons

En
(L) is a single point by [BSY22, Proposition A.31(2)]. Therefore,

the constructible spectrum of one of these algebras must actually be empty, and
that algebra must then be zero, a contradiction. □

Finally, we can prove the theorem.

Proof of Theorem 8.2. We claim that the map
Speccons

En
(1C)→ Spch(C)

taking any point of the source, represented by a Nullstellensatzian En-algebra L,
to the point Supph(L), is a bijection.

For injectivity, note that if L1 and L2 are two Nullstellensatzian En-algebras
with Supph(L1) = Supph(L2), then Proposition 8.6 implies

Supph(L1
∐

L2) = Supph(L1) ∩ Supph(L2) ̸= ∅,

and in particular L1
∐
L2 ̸= 0, so that L1, L2 represent the same point in the

constructible spectrum.
For surjectivity, fix an arbitrary m ∈ Spch(C), take the En-ring En

m from Propo-
sition 8.4, and choose some Nullstellensatzian En-algebra L under it. Since L is
non-zero, and

Supph(En
m) = {m}

is a singleton, Lemma 8.5 shows that
Supph(L) = {m}

as well. Since the prime m was arbitrary, surjectivity follows. □

Remark 8.8. Given an En-algebra R, one can also consider R as an Ek-algebra for
any 1 ≤ k ≤ n, and define a constructible spectrum that way. This will in general
be different from the homological spectrum as sets. For example, consider a field
K, and take the polynomial ring on K in one variable, K[t]. The map

K[t]→ EndK

(⊕
N

K

)
sending t to the endomorphism ei 7→ e2i induces a map the other way on E1-
constructible spectra. We claim that the image of this map misses the usual (com-
mutative) spectrum of K[t].

First, note that since t maps to an element which has a left inverse, we cannot
find a common factorization of the map to this algebra with the residue field where
t = 0.

In the same vein, we can choose two left inverses, e.g. f : e2i 7→ ei, e2i+1 7→ 0,
and g : e2i 7→ ei, e2i+1 7→ ei, such that g − f has a right inverse, and so there is
no algebra map out of the target where f = g. This tells us that there is no map
to a non-zero algebra where t obtains a right inverse. In particular, we cannot
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have a common refinement of this associative ring map together with a residue
field of K[t] where t ̸= 0, so the constructible spectrum of K[t] considered as an
associative algebra is strictly larger than its constructible spectrum in commutative
rings (which agrees with its homological spectrum).
8.B. Theorem 8.2 is sharp. We will now include a specific example to show that
the requirement of n < m in Proposition 8.6 is sharp, and we will use this to show
the same is true in Theorem 8.2. For the purpose of this section, fix some n ≥ 4,
and consider the free En-F2-algebra R := F2{x, y}n on two generators x, y in degree
0. The category Perf(R) is naturally a rigid En−1-2-ring, which we now proceed to
analyze.
Notation 8.9. Fix some basis E of the free F2-Lie algebra on two generators x, y,
such that
(a) The generators x, y are in E.
(b) The bracket between the generators, [x, y], is in E.
(c) Every basis vector in E can be written as an expression involving only brackets,
xs and ys.

The exact choice of basis itself isn’t so important, as long as it satisfies the
properties above.
Proposition 8.10. The homotopy ring of R is isomorphic to a graded polynomial
ring:

π∗(R) ≃ F2[QI(e) : e ∈ E]
for admissible sequences I = (a1, . . . , an−1) of non-negative integers, and basis
vectors e ∈ E. The grading on a basis vector e is determined by the rules |x| =
|y| = 0, and |[−,−]| = n− 1.

Proof. This follows from [Law20, Theorem 5.5]. □

Construction 8.11. Consider the En−1-cofiber of x : F2 → R, denoted by R�n−1
x.

By [Rie25, Lemma 2.2], we have that
R�n−1

x ≃ R⊗F2{x}n
F2,

and in particular, this algebra has homotopy groups given by the quotient of R by
the regular sequence {QI(x)} over all admissible sequences I.
Proposition 8.12. There exists En−1-R-algebras A,B such that A⊗R B ̸= 0, but
A
∐

R B ≃ 0 in the category of En−1-R-algebras. In particular, the requirement that
n < m in the statement of Proposition 8.6 is necessary.

Proof. Take A := R�n−1
x[([x, y]−1)] as a localization of the algebra from Construc-

tion 8.11, and let B := R�n−1
y. Then, by the explicit description from Proposi-

tion 8.10, we learn that
A⊗R B ≃ A/(QI(y))I admissible ̸= 0.

On the other hand, taking the pushout in En−1-R-algebras, and once again using
[Rie25, Lemma 2.2], we learn that

A
∐
R

B ≃ R�n−1(x, y)[([x, y])−1] ≃ R[([x, y])−1]⊗F2{x,y}n
F2

≃ F2[0−1] ≃ 0,
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as desired. □

Our goal now is to extend this into showing that Theorem 8.2 fails for Perf(R)
if we were to look at the En−1 constructible spectrum of this rigid En−1-2-ring. To
do this, we will have to analyze a little bit about certain residue fields for R.

We will assume for now that n ≥ 6 to make the details of the example easier,
though with more care one should be able to make it work for n = 4, 5 as well.
Proposition 8.13. The En−2-R-algebra

k := Frac(R�n−1
x⊗R R�n−1

y)
defined by inverting all non-zero homogeneous polynomials in the En−2-R-algebra
given by the tensor product of the En−1-quotients by x and y, respectively, is a
residue field for some point in the homological spectrum of Perf(R).
Proof. Since n ≥ 6, this algebra k is at least E4, so that Perf(k) is a rigid En−3-2-
ring (with n−3 ≥ 3), generated by the unit, which has π∗(k) is a graded field, is in
fact a tt-field. Since π∗(k) is indecomposable as a π∗(R)-module, the result follows
by [BC21, Theorem 3.1]. □

Our goal now is to construct an En−1-algebra under R�n−1
x[([x, y])−1] which

has homological support precisely the point picked out by this residue field k. By
symmetry, this will also construct such an En−1-algebra under R�n−1

y[([x, y])−1],
which will necessarily have coproduct with the former algebra being zero. This will
show that there are at least two distinct points in the En−1 constructible spectrum
of R whose homological support is the point k, which will provide the desired failure
of Theorem 8.2.

Towards this end, we need to find a way to tell when an algebra has homological
support exactly k, which we shall do by finding explicit jointly nil-conservative
covers of R. To begin, we note the following.
Proposition 8.14. Let S be any En-F2-algebra, and consider a class x ∈ π0(S).
Then, the family of maps

{S → S[QI(x)−1] : I admissible} ∪ {S → S�n−1
x}

is jointly nil-conservative.
Proof. Using Theorem 8.2, it suffices to test nil-conservativity with respect to En−2-
S-algebras A, which helps us to work in a case where we can actually talk about
categories of A-modules as rigid En−2-2-rings (recall we are assuming n ≥ 6 for the
moment).

Suppose that A[QI(x)−1] ≃ 0 for all admissible sequences I. Then we must have
that QI(x) acts nilpotently on A for all such I. In particular, the fiber of

A→ A/QI(x)
is ⊗-nilpotent for all I.

Using once again that
S�n−1

x ≃ S ⊗F2{x}n
F2 ≃

⊗
I

S/QI(x),

we find that we can write the En−2-algebra map

A→ A⊗S S�n−1
x ≃

⊗
I

A/QI(x)
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as a filtered colimit of E0-A-algebra maps with ⊗-nilpotent fiber. In particular,
A → A ⊗S S�n−1

x is nil-conservative, and so if A was non-zero, the target is
non-zero as well. □

Applying this to our case with S = R twice, taking both x and y, and finding
the common refinement of the resulting nil-conservative covers, we find,

Corollary 8.15. The family of maps

{R→ R[QI(x)−1]} ∪ {R→ R[QI(y)−1]} ∪ {R→ R�n−1
x⊗R R�n−1

y}
is jointly nil-conservative.

Finally, we will require one last little claim.

Proposition 8.16. The family of weak rings under R given by

{R→ R[QI(x)−1]}∪{R→ R[QI(y)−1]}∪{R→ (R�n−1
x⊗RR�n−1

y)/p(e)4}∪{R→ k},
where p(e) ranges over homogeneous polynomials in the variables QI(e) with e ∈
E\{x, y}, is jointly nil-conservative.

Proof. Take a non-zero En−2-algebra A under R. Using Corollary 8.15, we may
assume without loss of generality that

A⊗R (R�n−1
x⊗R R�n−1

y) ̸= 0.
Since the residue field k is a localization of the algebra we are tensoring with at its
non-zero homogeneous elements, we find that

A⊗R k ≃ 0
if and only if there exists some homogeneous polynomial

p(e) ∈ π∗(R�n−1
x⊗R R�n−1

y)

which acts nilpotently on A⊗R (R�n−1
x⊗R R�n−1

y). In this case, we must then
have that the fiber of

A⊗R (R�n−1
x⊗R R�n−1

y)→ A⊗R (R�n−1
x⊗R R�n−1

y)/p(e)4

is ⊗-nilpotent.
In particular, since A⊗R (R�n−1

x⊗R R�n−1
y) is a nonzero En−2-algebra, and

the target is a weak ring by [Bur22, Lemma 5.4], the target must be non-zero as
well, and the claim is shown. □

We are now in the position to provide our counterexample.

Theorem 8.17. Let R := F2{x, y}n be the free En-F2-algebra on two degree zero
generators x and y, for any n ≥ 6. Consider the En−1-R-algebras defined as

C := R�n−1(x,QI(y)2)[p(e)−1] and D := R�n−1(y,QI(x)2)[p(e)−1]
as I ranges across admissible sequences and p(e) ranges across homogeneous poly-
nomials in the variables QI(e) ∈ E\{x, y}. These algebras are both non-zero with
homological support exactly {k}, yet C

∐
R D ≃ 0.

In particular, for any choice of Nullstellensatzian En−1-R-algebras L1 under C
and L2 under D, Li has homological support {k}, but L1 and L2 determine different
points in Speccons

En−1
(R). This is all to say that the requirement n < m in Theorem 8.2

is necessary.
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Proof. Since the bracket [x, z] = 0 vanishes when z = w2 is a square of a class,
z = Qi(w) is a Dyer–Lashof operation applied to a class with i < n − 1, and
satisfies [x,Qn−1w] = [w, [w, x]] (see [Law20, Theorem 5.2]), it follows that the
image of

F2{x,QI(y)2}n → R

misses the multiplicative set generated by homogeneous polynomials p(e) in QI(e)
for e ∈ E\{x, y}, and in particular C ̸= 0.

Since C admits an algebra map from R�n−1
x[([x, y])−1], which has pushout with

R�n−1
y (which admits an algebra map to D) equal to zero, it suffices to show that

Supph(C) = {k}. Note that, by construction,
C[QI(x)−1] = 0, C[QI(y)−1] = 0, and C/p(e) ≃ 0.

Using Proposition 8.16, we necessarily must have that C⊗k ̸= 0, and since C⊗L =
0 for all other weak rings L in the nil-conservative cover from Proposition 8.16,
Supph(C) ⊆ Supph(k) = {k}, as desired. □
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9. Geometric Points for Homological Spectra

In general, we have seen one cannot expect there to be a rigid 2-ring map from
a rigid 2-ring C to a rigid 2-ring D whose Balmer spectrum is a point, which picks
out any given point in Spc(C).

Theorem 8.2 almost provides this at the level of constructible spectra, at least
if one only asks for rigid En-2-ring maps, but suffers from the following defect:
if C is a rigid En-2-ring, it makes points in its homological spectrum correspond
to Nullstellensatzian En-algebras in Ind(C). However, if L is such a Nullstel-
lensatzian En-algebra, it does not have any reason to be Nullstellensatzian in
AlgEn−1(Ind(PerfC(L))), and so we cannot guarantee via Theorem 8.2 that its ho-
mological spectrum is a point.

As it turns out, using the methods that went into the proof of Theorem 8.2, we
can fix this “defect” by proving that, at least for k large enough, the constructible
spectra of Ek

m are points, thus obtaining a sufficient supply of “highly structured
geometric points”.

9.A. Geometric points of the homological spectrum for rigid En-2-rings.
The main theorem of this section is:

Theorem 9.1. Let C be a rigid Em-2-ring for some m ≥ 4 (possibly m =∞), and
let

m ∈ Spch(C)
be a homological prime. Then, for any 3 ≤ n < m, there exists a rigid En-2-ring
K, equipped with an En-2-ring map C→ K, such that

Spch(K) = ∗
is a single point, and such that the map

Spch(K)→ Spch(C)
has image exactly {m}.

To prove this theorem, we will need the following, which relies on inputs that
we will delay until after proving the main theorem of this section. The term “v-
compatible” comes from [Bur22] and will be recalled later.

Theorem 9.2. Let C be an Em-monoidal stable ∞-category, for some m ≥ 3, and
suppose we are given a map v : I → 1 in C such that the cofiber 1/v admits a right
unital multiplication.

Then, for any, 3 ≤ n ≤ m, 1 ≤ k ≤ n − 1, q ≥ n + 1, and any w ≥ q + k
the unique v-compatible En-algebra structures on 1/vq and 1/vw are such that the
Ek-algebra map given by inclusion on the left factor

1/vq → 1/vq ⊗ 1/vw

is a splitting of a split square-zero Ek-algebra extension.

We will postpone the proof of the above, opting to first prove the main theorem
of this section assuming the result. Before this though, we note the following quick
lemma.

Lemma 9.3. Let C be a rigid Em-ring, and let f : R→ S be a map of En-algebras in
Ind(C), 3 ≤ n ≤ m. If f is a square zero extension, Spech(f) : Spech(PerfC(S))→
Spech(PerfC(R)) is surjective. If f is a split square zero extension, it is a bijection.
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Proof. In the case of a split square zero extension, Spech(f) admits a retraction
and hence is injective. Thus, the second claim follows from the first.

For the first claim, we apply Theorem 2.19: it suffices to prove that S ⊗R − is
nil-conservative. For this we note that it is conservative: if S⊗RM = 0, then since
fib(f) is an S-module in R-modules, fib(f)⊗R M = 0 and so M = R⊗R M = 0 as
an extension of two 0 modules. □

Remark 9.4. The keen-eyed reader will note that in the n = 3 case of Lemma 9.3,
we actually only had rigid E2-rings which we applied Theorem 2.19 to, meaning
our homotopy category was merely a “braided tt-category,” as opposed to a sym-
metric monoidal one. Nevertheless, one can prove the analogue of Theorem 2.19
with essentially the same arguments as the symmetric monoidal case. One can al-
ternatively proceed without ever leaving the symmetric monoidal world, were it so
desired, but at the cost of requiring m ≥ 5 in the following theorem, with minimal
modifications to the proof.

With these preliminaries, we can prove the main theorem of this section:

Proof of Theorem 9.1. Fix a residue field Em at the point m. A natural candidate
for the category K we want to consider will be the category of modules over Eq

m

for some q ≥ n + 1, which, as a category of modules over an En+1-algebra object,
inherits an En-monoidal structure.

Towards this end, let
Kq := PerfC(Eq

m)
for q ≥ n+ 1. It is clear that the image of

Spch(Kq)→ Spch(C)

is exactly m, by construction. Our goal now is to show that for some q ≫ 0,
Spch(Kq) is a single point. In fact, we claim that taking q ≥ max{n + 1, 7} is
enough.

First, we note that using Theorem 9.2, the E3-algebra map

Eq−3
m → Eq−3

m ⊗ Eq
m

is a split square-zero extension of the source, and hence induces an equivalence on
homological spectra by Lemma 9.3. In particular, the multiplication map (which
serves as a retraction for this map), given by the composite

Eq−3
m ⊗ Eq

m → Eq−3
m ⊗ Eq−3

m → Eq−3
m

also induces an equivalence on homological spectra, and is thus nil-conservative.
Using this, we note also that Eq

m → Eq−3
m is nil-conservative- since any non-

zero weak ring A under Eq
m has homological support {m} in C, which implies that

A⊗ Eq−3
m a non-zero weak ring in Eq

m ⊗ Eq−3
m -modules, and

A⊗Eq
m
Eq−3

m ≃ (A⊗ Eq−3
m )⊗Eq

m⊗Eq−3
m

Eq−3
m ̸= 0.

Now, fix some given q ≥ max{n+ 1, 7}, and suppose that we had two non-zero
weak rings A,B in Kq such that A⊗Eq

m
B ≃ 0. Without loss of generality, we may

replace B by B ⊗Eq
m
Eq−3

m to assume that the weak ring structure on B is induced
from a weak Eq−3

m -ring structure on an object which we abusively also denote by
B. Now, again since A and B, considered as objects of C, have homological support
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{m}, A⊗B ̸= 0 in C. In particular, A⊗B is a non-zero weak ring in the category
of Eq

m ⊗ Eq−3
m -modules. We have

(A⊗B)⊗Eq
m⊗Eq−3

m
Eq−3

m ≃ ((A⊗Eq
m
Eq−3

m )⊗B)⊗Eq−3
m ⊗Eq−3

m
Eq−3

m

≃ (A⊗Eq
m
Eq−3

m )⊗Eq−3
m

B

≃ A⊗Eq
m
B ≃ 0,

which, as A ⊗ B was non-zero, contradicts nil-conservativity of the multiplication
map. □

9.B. Recollections on deformations. Before proving the technical lemmas used
in the previous subsection, we recall a bit of background from [PP25], [BP25] and
[Bur22].
Proposition 9.5 ([PP25, pp. 5.34, 5.37, 5.47, 5.60]). Let E be an epimorphism class
in an essentially small stable ∞-category C. Then there exists a stable ∞-category
D(C,E), a (non-exact) functor

ν : C→ D(C,E)
and a natural transformation

τ : Σν(Ω−)→ ν(−)
such that
(a) The functor ν is fully faithful.
(b) The image of ν generates D(C,E).
(c) The functor ν preserves fiber sequences x→ y → z such that the map y → z is
in the epimorphism class E.
(d) There is an exact automorphism (−)[1] on D(C,E) determined by the property
that ν(X)[1] ≃ ν(ΣX).
(e) Inverting the natural transformation τ yields an (exact) functor

(−)[τ−1] : D(C,E)→ C

such that (ν(−))[τ−1] ≃ idC.
(f) If I is an E-injective object of C, then for all objects X ∈ C,

[Σ−sν(X), ν(I)] ≃ 0
for all s > 0.

Remark 9.6. In contrast to [PP25], where they deal primarily with prestable
deformations which they call D(C,E), we will never have reason to leave the sta-
ble world. In particular, we implicitly work with the stable envelope (that is,
the Spanier-Whitehead ∞-category, see [Lur18, Construction C.1.1.1, Proposi-
tion C.1.1.7, Proposition C.1.2.2]) of the prestable categories constructed by Patchkoria-
Pstra̧gowski.
Proposition 9.7 ([BP25, Proposition A.11]). Given two stable ∞-categories C, D,
with epimorphism classes E, F, in C and D respectively, as well as an exact functor

C→ D

which sends E to F, we obtain an exact functor
D(C,E)→ D(D,F)

compatible with ν and (−)[τ−1].
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Definition 9.8 ([Bur22, Definition 4.2]). An epimorphism class E on a stably En-
monoidal∞-category C is said to be ⊗-compatible if E is preserved under tensoring
with arbitrary objects of C.
Proposition 9.9 ([Bur22, Proposition 4.3]). If C is a stably En-monoidal ∞-
category with ⊗-compatible epimorphism class E, then the deformation D(C,E) in-
herits the structure of a stably En-monoidal category in such a way that ν and
(−)[τ−1] are En-monoidal functors.

Proposition 9.10. If C and D are two stably En-monoidal ∞-categories equipped
with ⊗-compatible epimorphism classes E and F, together with an En-monoidal
functor

C→ D

mapping E to F, then the induced functor
D(C,E)→ D(D,F)

can naturally be promoted to an En-monoidal functor.

Proof. The En-monoidal functor C→ D yields an En-monoidal functor of prestable
∞-categories

PShΣ(C,S)→ PShΣ(D,S)
between categories of spherical presheaves via left Kan extension. The prestable
deformation category D≥0(C,E) of C with respect to E is given by the category
of perfect sheaves on C with respect to the E-epimorphism topology (see [PP25,
Definition 5.32]). In particular, this arises as a localization of PShΣ(C,S), where
the ⊗-compatibility of E is used to give the localization the structure of an En-
localization.

The diagram

PShΣ(C,S) PShΣ(D,S)

D≥0(C,E) D≥0(D,F)

is induced from a monoidal localization of an En-monoidal map of En-monoidal
categories, and so the bottom map is itself En-monoidal. The result now follows by
passing to stabilizations. □

We now specialize to the main case of interest. Let C be a stably En-monoidal
∞-category, let v : I → 1 be a map from some object to the unit such that the
cofiber 1/v admits a weak ring structure. In this case, there is a ⊗-compatible
epimorphism class on C, denoted E(v), consisting of those morphisms which are
split surjective after tensoring with 1/v. In this case, the fiber sequence

1→ 1/v → ΣI
has the second map in the epimorphism class. In particular, this gives rise to a
fiber sequence

ν(1)→ ν(1/v)→ ν(I)[1].
Following the conventions set in [Bur22], we name the fiber of the first map here

ṽ : Σ−1ν(I)[1]→ ν(1).
Before restating the main result of [Bur22], we recall one final definition.
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Definition 9.11 ([Bur22, Definition 5.1]). If we are given a weak ring 1/v in a
stably En-monoidal ∞-category C, then for 1 ≤ k ≤ n, an Ek-algebra structure
on 1/vq is said to be v-compatible if it arises as the τ -inversion of an Ek-algebra
structure on ν(1)/ṽq in D(C,E(v)).

Theorem 9.12 ([Bur22, Theorem 5.2]). Suppose we are given a weak ring 1/v in
a stably En-monoidal ∞-category C. Then for any 1 ≤ k ≤ n, and any q ≥ k + 1,
there is a unique v-compatible Ek-algebra structure on 1/vq.

This theorem is proved through defining an obstruction theory for En-algebra
structures on cofibers. We will need to make use of the explicit obstruction theory,
summarized by the following statement.

Theorem 9.13 ([Bur22, Proposition 2.4, Remark 2.5, Corollary 2.7]). Let C be a
stably Em-monoidal ∞-category, and consider a cofiber sequence

I v−→ 1→ 1/v

involving the unit. For any fixed 1 ≤ k ≤ m, there is a sequence of inductively
defined classes

θr,α ∈ π0 HomC(Σ−2−k−cα(Σk+1I)⊗r,1/v)
for r ≥ 2 and 0 ≤ cα ≤ (r − 1)(k − 1) which provide obstructions to the existence
of an Ek-algebra structure on 1/v.

Moreover, given that an Ek-algebra structure can be defined on 1/v, there exists
a sequence of inductively defined classes

γr,α ∈ π0 HomC(Σ−1−k−cα(Σk+1I)⊗r,1/v)

for r ≥ 1 and 0 ≤ cα ≤ (r− 1)(k− 1) which provide obstructions to the uniqueness
of the Ek-algebra structure on 1/v.

9.C. Technical lemmas. We now proceed with the ingredients that went into the
proof of Theorem 9.2. For the remainder of this section, fix the following data
(a) A small, idempotent complete Em-monoidal stable∞-category C for some m ≥
3.
(b) A map v : I → 1 in C such that 1/v admits a right unital multiplication.
(c) Integers n, k, q, w with 3 ≤ n ≤ m, 1 ≤ k ≤ n− 1, q ≥ n+ 1, and w ≥ q + k.
Using the epimorphism class E of 1/v-split epimorphisms in C, we will work in the
deformation category D(C, E) with respect to this epimorphism class.

Notation 9.14. For the remainder of this section, fix the following notation.
(a) We will write

Ĩ := Σ−1ν(ΣI)
for the object written on the right in D(C, E).
(b) Similarly, we denote by

ṽ : Ĩ → 1

the fiber of the map 1 ≃ ν(1) → ν(1/v), (which has the stated source since the
map it is a fiber of is a 1/v-split monic).

To begin, let’s prove the following easy helper lemma.
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Lemma 9.15. The object 1/ṽq ⊗ 1/ṽw has
π0 Hom(Σ−sν(X),1/ṽq ⊗ 1/ṽw) ≃ 0

for all s ≥ q + w − 1 and X ∈ C.

Proof. Since 1/ṽq admits a weak ring structure and w ≥ q, we have that

1/ṽq ⊗ 1/ṽw ≃ 1/ṽq ⊕ ΣĨ⊗w ⊗ 1/ṽq,

and we reduce the claim to proving it for the individual summands. For the first
summand, the claim follows in fact for s ≥ q by [Bur22, Lemma 4.8].

Moving onto the second summand, we proceed exactly as in the proof of [Bur22,
Lemma 4.8], working by induction on q. When q = 1,

ΣĨ⊗w ⊗ ν(1/v) ≃ Σ1−wν(ΣwI⊗w ⊗ 1/v)
is a 1−w-shift of an E-injective object, and the claim follows by Proposition 9.5(f).
In general, using the fiber sequence

ΣĨ⊗w ⊗ Ĩ⊗q−1 ⊗ 1/ṽ → ΣĨ⊗w ⊗ 1/ṽq → ΣĨ⊗w ⊗ 1/ṽq−1,

together with induction and the fact that the leftmost object is a 2−w− q-shift of
an E-injective object, the claim follows. □

Now, we can prove.

Proposition 9.16. There is a unique Ek-1/ṽq-algebra structure on the object
1/ṽq ⊗ 1/ṽw in D(C, E). In particular, the Ek-algebra map given by inclusion on
the left factor

1/ṽq → 1/ṽq ⊗ 1/ṽw

admits the structure of a splitting for a choice of split square-zero Ek-1/ṽq-algebra
structure on the target.

Proof. We note that the fiber sequence

1/ṽq ⊗ Ĩ⊗w → 1/ṽq → 1/ṽq ⊗ 1/ṽw,

allows us to present 1/ṽq⊗1/ṽw as a quotient of the unit (in 1/ṽq-modules) by the
ideal “1/ṽq ⊗ Ĩ⊗w”).

Since there is an Ek-1/ṽq-algebra structure on 1/ṽq⊗1/ṽw, Theorem 9.13 applies
to give a sequence of inductively defined obstructions to this Ek-algebra structure
to be unique. These obstructions take values in

(9.1) π0 Hom1/ṽq−Mod(D(C,E))(Σ−1−k−cα(Σk+11/ṽq ⊗ Ĩ⊗w)⊗1/ṽq r,1/ṽq ⊗ 1/ṽw),
for r ≥ 1 and 0 ≤ cα ≤ (k − 1)(r − 1).

When r = 1, just as in the proof of [Bur22, Theorem 5.2], the obstruction is the
composite

1/ṽq ⊗ Ĩ⊗w → 1/ṽq → 1/ṽq ⊗ 1/ṽw,

which we choose a null-homotopy of in order to make this into a fiber sequence.
Using tensor-hom, we may rewrite the group in eq. (9.1) as

π0 HomD(C,E)(Σ−1−k−cα(Σk+1Ĩ⊗w)⊗r,1/ṽq ⊗ 1/ṽw).
Expanding out the definition of the source, we find that we can write this as

Σ−1−k−cα(Σk+1Ĩ⊗w)⊗r ≃ Σ−1−k−cα+r(k+1)−rwν(ΣrwI⊗rw),
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where, as cα ≥ 0, and k + 1 ≤ q + k ≤ w, allows us to write
−1− k + r(k + 1)− cα − rw ≤ (r − 1)(k + 1)− rw ≤ k + 1− 2w ≤ 1− w − q.

In particular, we see that the group eq. (9.1) vanishes by Lemma 9.15. Since all of
the obstructions vanish, this implies the Ek-1/ṽq-algebra structure on 1/ṽq ⊗ 1/ṽw

is unique, as desired.
The final claim follows since we can write

1/ṽq ⊗ 1/ṽw ≃ 1/ṽq ⊕ Σ1/ṽq ⊗ Ĩ⊗w,

and give this the structure of a split Ek-1/ṽq-algebra, which must then agree with
any other choice of Ek-1/ṽq-algebra structure by uniqueness. □

Proof of Theorem 9.2. Using Proposition 9.16, we find that 1/ṽq ⊗ 1/ṽw is a split
square-zero extension of 1/ṽq in D(C, E), and the result follows from inverting τ to
pass back to C. □
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Appendix A. The Semi-Simplicity of Rep(GLt)

The goal of this appendix is to give a brief sketch of Deligne’s proof of the
semi-simplicity of Rep(GLt) from [Del07], for the reader’s convenience. To keep
things simple, we will actually only prove a special case of Deligne’s result (which
is sufficient for our main results), namely that when t is specialized to an element
which is not an algebraic integer. The generalization to t not an integer involves a
more precise analysis, which would take us too far afield.

For our purposes, and by way of [Del07, Proposition 10.3], we may define
Rep(GLt) as follows (though this is not Deligne’s original definition):

Definition A.1. Deligne’s category Rep(GLt) is the the free idempotent complete
additively symmetric monoidal category on a dualizable object x.

The endomorphism ring of the unit is Z[t], and for every commutative ring A
equipped with a choice of element δ ∈ A, corresponding to a map Z[t]→ A, we let
Rep(GLt;A) denote the basechange of Rep(GLt) along Z[t]→ A.

By Theorem 3.2, it follows that Rep(GLt) is the idempotent completion of
Z[ho(Cob)], which explains Deligne’s original definition [Del07, Definition 10.2].

In our language, Deligne’s result (in the restricted generality described above) is
the following:

Theorem A.2 (Deligne, [Del07, Théorème 10.5]). Let K be a field of characteristic
0 and t ∈ K be an element which is not an algebraic integer. The category CK :=
Rep(GLt;K) is abelian semi-simple.

Recall that ho(Cob) consists of objects Xi,j := X⊗i ⊗ X∨,⊗j where X is the
universal dualizable object, and therefore CK is generated under finite direct sums
and retracts by the Yoneda images of these generators.

We organize what we need about these generators in the following lemma:

Lemma A.3. Let i, j, r, s ∈ N.
• If i− j ̸= r − s, then HomCob(Xi,j , Xr,s) = ∅ and so HomCK

(Xi,j , Xr,s) = 0;
• If i− j = r − s and i ≤ r, then there are maps Xi,j → Xr,s, Xr,s → Xi,j whose
composite is the identity of Xi,j multiplied with a number of circles in Cob, and
so, the identity multiplied by some power of t in CK . In particular, in CK , Xi,j is
a retract of Xr,s.

Proof. The first is visible in the cobordism category: a cobordism out of Xi,j

consists of circles which do not change i − j, maps from + to + or − to − which
also do not change i− j, and finally evaluations or coevaluations which also do not
change i− j.

For the second one, it suffices to prove that these maps exist for 1 and Xk,k,
but then one can simply pick evaluation and coevaluation, where the composite is
k circles.

Since t is invertible in K, the retraction claim follows. □

We now organize how semi-simplicity behaves with orthogonality and retracts
in the following elementary lemma:

Lemma A.4. Let C be an additive 1-category.
(a) Suppose x ∈ C is such that EndC(x) is semi-simple. Then the same holds for
⊕nx for any n ≥ 0;
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(b) Suppose x, y ∈ C are such that EndC(x) is semi-simple, and y is a retract of
x. Then EndC(y) is semi-simple.
(c) Suppose x, y ∈ C are such that EndC(x),EndC(y) are semi-simple and that
homC(x, y) = homC(y, x) = 0. Then EndC(x⊕ y) is semi-simple.

Proof. 1. EndC(⊕nx) ∼= Mn(EndC(x)) and semi-simple rings are closed under
matrix rings.

2. Without loss of generality, C is idempotent-complete and generated under
finite direct sums and retracts by x. Thus it is equivalent to Projf.g.

EndC(x) and
EndC(x) is a product of matrix rings over division algebras by Artin–Wedderburn.
In such a category, the endomorphism ring of any object is a product of matrix
rings, and hence is semi-simple, which proves the claim.

3. The conditions guarantee that EndC(x⊕ y) ∼= EndC(x)×EndC(y) and semi-
simple rings are closed under finite products. □

By induction, the above two lemmas reduce us to interrogating when End(Xi,j)
is semi-simple for a single (i, j). We need some base case of the induction to prove
that certain things are semi-simple. The following is the key lemma:

Lemma A.5. Suppose x, y ∈ C are in a rigid additive idempotent-complete cat-
egory whose unit has a field L of endomorphisms, and EndC(x) is semi-simple.
Assume all hom’s in C are finite dimensional over L.

Finally, assume the pairing homC(x, y) ⊗ homC(y, x) → EndC(x) is a perfect
pairing and witnesses homC(x, y) and homC(y, x) as EndC(x) dual to one another.

Then y splits as homC(x, y)⊗EndC(x)x⊕z where homC(x, z) = 0,homC(z, x) = 0.

Proof. By combining finite dimensionality and semi-simplicity of EndC(x) with
idempotent-completeness of C, the tensor product homC(x, y)⊗EndC(x) x exists in
C, and it comes with a canonical map homC(x, y)⊗EndC(x) x→ y.

Similarly, we have a map y → homEndC(x)(homC(y, x), x). If we can prove that
the composite

homC(x, y)⊗EndC (x) x→ y → homEndC(x)(homC(y, x), x)
is an isomorphism, we will be done since this will be the desired retraction and the
properties of z are then automatic.

Both source and target are in the thick additive category generated by x, so
this map being an isomorphism can be checked by applying homC(x,−), where
the map becomes homC(x, y) → homEndC(x)(homC(y, x),EndC(x)), which is an
isomorphism by assumption. □

We are now equipped to prove Theorem A.2:

Proof of Theorem A.2. By Lemma A.3 and Lemma A.4, we reduce by induction to
proving that EndCK

(Xi,j) is semi-simple. We prove that statement by induction
as well,

The induction hypothesis is both that EndCK
(Xr,s) is semi-simple for smaller

r, s, and also that the trace pairing EndCK
(Xr,s) ⊗K EndCK

(Xr,s) → K given by
multiplication followed by the trace map7 EndCk

(Xr,s)→ K is perfect.

7The trace map coming from dualizability in CK , not the usual trace map of a finite dimensional
K-algebra.
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If either i = 0 or j = 0, EndCK
(Xi,j) is a group algebra K[Σj ] or K[Σi], and is

therefore semi-simple since K is characteristic 0.
Furthermore, the trace pairing is perfect in this case: indeed, by direct calcu-

lation, for any σ ∈ Σi, tr(σ) = tn(σ) where n(σ) is the number of cycles in σ, see
[Ram25, Lemma 4.7], examplified below in a drawing.

∅

+
−
+
−
+
−
+
−

∅

+
−
+
−
+
−
+
−

The trace of the endomorphism in K[Σ4] given by the 3-cycle σ = (123).

Up to replacing the pairing (σ, τ) 7→ tr(στ) by (σ, τ) 7→ tr(σ−1τ) (which is de-
generate exactly if the other one is) the corresponding matrix therefore has ti’s on
the diagonal and tk, k < i elsewhere. Therefore, expanding out the determinant of
this matrix we find a monic polynomial with integer coefficients of degree ii! in the
variable t, which is nonzero since t is not an algebraic integer.

We now want to check the hypotheses of Lemma A.5 for x = Xi−1,j−1, y = Xi,j .
Since the trace pairing for EndCK

(x) is assumed to be perfect by induction, the
pairing HomCK

(x, y) ⊗K HomCK
(y, x) → EndCK

(x) is perfect if and only if its
composition with the trace pairing is perfect.

But now the trace pairing HomCK
(Xi−1,j−1, Xi,j)⊗K HomCK

(Xi,j , Xi−1,j−1)→
K is equal, under the obvious identifications, to the trace pairing on EndCK

(Xi−1,j),
which is perfect by induction.

So we can apply the lemma and find that

Xi,j = HomCK
(Xi−1,j−1, Xi,j)⊗EndCK

(Xi−1,j−1) X
i−1,j−1 ⊕ Z

for some Z orthogonal to Xi−1,j−1.
In particular, EndCK

(Z) is the quotient of EndCK
(Xi,j) by the ideal of mor-

phisms factoring through Xi−1,j−1, which is clearly isomorphic to K[Σi × Σj ] and
is in particular semi-simple.

On this term, the trace pairing is (σ, τ) 7→ tn(σ)n(τ), which is perfect for the
same reason as above: up to a change of basis, the corresponding matrix has tij on
the diagonal, and tk, k < ij away from the diagonal so that again, perfectness is
guaranteed by t not being an algebraic integer. □

Corollary A.6. Suppose K = Q(t) is a function field in one variable t. For any
simple object Z in CK arising as a summand of an object of the form Xi,j, with i
minimal with this property. Then the dimension of Z is a polynomial with degree
i + j with positive leading coefficient. In particular, the parity of the degree of the
dimension of Z is equal to the parity of i− j.
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Proof. The object Xi,j has dimension ti+j , and all of its summands of the form
Xr,s with r < i have dimension a polynomial of degree strictly less than i + j.
In particular, killing off all summands of Xi,j which were summands of Xr,s with
r < s, the resulting object has dimension a monic polynomial of degree i+ j. The
proof of Theorem A.2 shows that the endomorphism algebra of Xi,j modulo all of
these summands agrees with the group algebra K[Σi × Σj ]. In particular, simple
summands correspond to minimal idempotents in this group algebra, and in turn to
irreducible representations of Σi × Σj . Taking such an idempotent

∑
σ∈Σi×Σj

aσσ

(with σ ∈ Q), one sees that the trace of this endomorphism, which is the dimension
of the simple summand it picks out, is a polynomial of degree i+ j, with coefficient
of ti+j equal to the coefficient of the identity element in this expansion for our
idempotent. If the idempotent corresponded to an irreducible representation of
dimension d, then this leading coefficient is exactly d/|Σi×Σj | = d/(i!j!), which is
in particular positive, as claimed. □
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[Bar+24] Tobias Barthel, Natàlia Castellana, Drew Heard, and Beren Sanders.
“On surjectivity in tensor triangular geometry”. In: Math. Z. 308.4
(2024), Paper No. 65, 7. issn: 0025-5874. doi: 10.1007/s00209-024-
03618-1. url: https://doi.org/10.1007/s00209-024-03618-1.

[Bar+26] Tobias Barthel, Drew Heard, Beren Sanders, and Changhan Zou. “Ho-
mological stratification and descent”. In: J. Inst. Math. Jussieu 25.2
(2026), pp. 1081–1125. issn: 1474-7480,1475-3030. doi: 10.1017/S1474748025101515.
url: https://doi.org/10.1017/S1474748025101515.

[BC21] Paul Balmer and James C. Cameron. “Computing homological residue
fields in algebra and topology”. In: Proc. Amer. Math. Soc. 149.8 (2021),
pp. 3177–3185. issn: 0002-9939. doi: 10 . 1090 / proc / 15412. url:
https://doi.org/10.1090/proc/15412.

[BD25] L. Alexander Betts and Ishai Dan-Cohen. A motivic Weil height ma-
chine for curves. 2025. arXiv: 2512.05284 [math.AG]. url: https:
//arxiv.org/abs/2512.05284.

[BD95] John C. Baez and James Dolan. “Higher-dimensional algebra and topo-
logical quantum field theory”. In: J. Math. Phys. 36.11 (1995), pp. 6073–
6105. issn: 0022-2488,1089-7658. doi: 10.1063/1.531236. url: https:
//doi.org/10.1063/1.531236.

[BHS23] Tobias Barthel, Drew Heard, and Beren Sanders. “Stratification and the
comparison between homological and tensor triangular support”. In: Q.

https://arxiv.org/abs/2508.11621
https://arxiv.org/abs/2508.11621
https://doi.org/10.1515/crll.2005.2005.588.149
https://doi.org/10.1515/crll.2005.2005.588.149
https://doi.org/10.1515/crll.2005.2005.588.149
https://doi.org/10.2140/agt.2010.10.1521
https://doi.org/10.2140/agt.2010.10.1521
https://doi.org/10.2140/agt.2010.10.1521
https://doi.org/10.5802/jep.135
https://doi.org/10.5802/jep.135
https://doi.org/10.5802/jep.135
https://doi.org/10.2140/tunis.2020.2.359
https://doi.org/10.2140/tunis.2020.2.359
https://doi.org/10.2140/tunis.2020.2.359
https://doi.org/10.2140/tunis.2020.2.359
https://doi.org/10.1007/s00209-024-03618-1
https://doi.org/10.1007/s00209-024-03618-1
https://doi.org/10.1007/s00209-024-03618-1
https://doi.org/10.1017/S1474748025101515
https://doi.org/10.1017/S1474748025101515
https://doi.org/10.1090/proc/15412
https://doi.org/10.1090/proc/15412
https://arxiv.org/abs/2512.05284
https://arxiv.org/abs/2512.05284
https://arxiv.org/abs/2512.05284
https://doi.org/10.1063/1.531236
https://doi.org/10.1063/1.531236
https://doi.org/10.1063/1.531236


64 REFERENCES

J. Math. 74.2 (2023), pp. 747–766. issn: 0033-5606. doi: 10 . 1093 /
qmath/haac040. url: https://doi.org/10.1093/qmath/haac040.

[BKS19] Paul Balmer, Henning Krause, and Greg Stevenson. “Tensor-triangular
fields: ruminations”. In: Selecta Math. (N.S.) 25.1 (2019), Paper No.
13, 36. issn: 1022-1824. doi: 10.1007/s00029- 019- 0454- 2. url:
https://doi.org/10.1007/s00029-019-0454-2.

[BP25] Robert Burklund and Piotr Pstragowski. “Quivers and the Adams spec-
tral sequence”. In: Adv. Math. 471 (2025), Paper No. 110270, 76. issn:
0001-8708,1090-2082. doi: 10.1016/j.aim.2025.110270. url: https:
//doi.org/10.1016/j.aim.2025.110270.

[BS] Shaul Barkan and Jan Steinebrunner. “Graphical structures, coherent
duality and modular ∞-operads”. In: (). In preparation.

[BS25] Shaul Barkan and Jan Steinebrunner. “Segalification and the Boardman-
Vogt tensor product”. In: Algebr. Geom. Topol. 25.9 (2025), pp. 5439–
5462. issn: 1472-2747,1472-2739. doi: 10.2140/agt.2025.25.5439.
url: https://doi.org/10.2140/agt.2025.25.5439.

[BSY22] Robert Burklund, Tomer M. Schlank, and Allen Yuan. “The Chro-
matic Nullstellensatz”. In: arXiv e-prints, arXiv:2207.09929 (July 2022),
arXiv:2207.09929. doi: 10.48550/arXiv.2207.09929. arXiv: 2207.
09929 [math.AT].

[Bur22] Robert Burklund. Multiplicative structures on Moore spectra. 2022. arXiv:
2203.14787 [math.AT]. url: https://arxiv.org/abs/2203.14787.

[BW25] Isaac Bird and Jordan Williamson. “The homological spectrum via de-
finable subcategories”. In: Bull. Lond. Math. Soc. 57.4 (2025), pp. 1040–
1064. issn: 0024-6093. doi: 10.1112/blms.70014. url: https://doi.
org/10.1112/blms.70014.

[Cox+08] Anton Cox, Maud De Visscher, Stephen Doty, and Paul Martin. “On
the blocks of the walled Brauer algebra”. In: J. Algebra 320.1 (2008),
pp. 169–212. issn: 0021-8693. doi: 10.1016/j.jalgebra.2008.01.026.
url: https://doi.org/10.1016/j.jalgebra.2008.01.026.
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