SPECIAL VALUES WITHOUT SEMI-SIMPLICITY VIA K-THEORY

LOGAN HYSLOP

ABSTRACT. In this paper, motivated by studying special values of zeta functions
attached to finite type [Fj,-schemes, we introduce a category ArithS' (R) of “arith-
metic C(S', R)-modules” attached to any Dedekind ring R, and compute the Oth
K-group Ko(ArithS] (R)) of this category. Specializing to the case of R = Z, for
some prime £ # p (resp. R = Z},), we prove that there is a natural functorial lift
of the étale cohomology of perfect étale Z, sheaves (resp. syntomic cohomology
of perfect prismatic F-gauges) on a point to ArithS l (Z¢) (resp. ArithS’ (Z)). This
allows us to define a notion of the multiplicative Euler characteristic via a map from
K-theory which makes sense without assuming Tate’s semi-simplicity conjecture.
In particular, we can remove this hypothesis from a theorem of Milne proving a
cohomological formula for zeta values attached to smooth proper [,-schemes. We
also discuss extensions of these zeta value formulae to finite type [F,,-schemes, and
how recent progress in motivic homotopy theory allows us to prove some formulae
without any assumptions on resolution of singularities or Tate’s semi-simplicity

conjecture.
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§1. INTRODUCTION

§1.1. The Story so Far. Let X be a scheme of finite type over a field F,, of prime order
p- Recall that the Weil zeta function of X is defined in [Wei49] as the unique meromorphic
continuation to the complex plane of the product expansion

1
{(X,s) = l—[ W,

XGX(O)

where X (o) denotes the set of closed points of X, and «(x) is the residue field of a closed
point, with |k (x)| denoting its order. Following Grothendieck’s solution to the Weil conjectures
in [Gro64] (see also [Lub68] for the p-adic formulation), we learned that, at least for smooth
proper X, the zeta function may be written as £ (X, s) = Z(X, p~*), where

Pi(X,1)...Py_1(X,1)
P()(X, t) e Pgd(X, t) ’

Here, ¢ denotes the action of Frobenius on the £-adic cohomology of X, where we take {-adic
étale cohomology if £ # p, and rational crystalline cohomology in the case £ = p.

Following this, in [Neu78] Bayer and Neukirch were able to give, for smooth proper schemes
X/F,, formulae for |{(X,n)|, with £ # p when {(X,s) does not have a pole at n. As later
noted by Schneider, their description follow essentially from linear algebra observations. We

Z(X,t) =

Pi(X,1) = det(l — ot|H (X, @f)). (1.1)



will recall Schneider’s argument in §3 as motivation for the arguments in the rest of the section.
This was extended by Schneider in [Sch82] to describe, assuming a semi-simplicity conjecture
due Tate, the value

| lim (1 = p"™*)P"{(X, 5)l¢
s—on

when (X, s) has a pole at n of order p,. Explicitly, the conjecture assumed is as follows, see
for example the introduction to [Mil86] and also the conjecture S(X, €) (really §” (X, ¢) for all
r in our formulation) from [Mil07].

Conjecture 1.2 (Tate’s semi-simplicity conjecture). For all primes € # p (resp. € = p), all
smooth proper schemes X [F,,, and all integers n € [0,dim(X)], the Frobenius ¢ acts semi-
simply on the ¢ = p" eigenspace ongf(X, Qy) (resp. H2 (X, Q) for € = p).

crys

We say that Tate’s semi-simplicity conejecture holds for X if the action of Frobenius on
the £-adic cohomology of X satisfies the conditions laid out in the conjecture above. In the
language of [MilQ7], this is the assumption that S” (X, £) holds for all r.

In [Mil86], Milne used p-adic Hodge theory, by studying the sheaves WQ;l(’lOg [—n], to give
a formula for computing the full value | (X, n)| (or the respective leading coeflicient), up to
a sign, and the same semi-simplicity conjecture of Tate (to be completely precise, Milne only

required the conjecture S™ (X, ¢)).

Theorem 1.1 ([Mil86], Theorem 0.1). Let X/[F,, be a smooth and proper scheme, and assume
Tate’s semi-simplicity conjecture holds for X. Then for n € Z, we have:

L(X,5) ~ +x (X, Z(n), e) p¥ X:Oxm) (] — pn=s)=Pn
as s — n.

Here, H (X, Q) denotes the {-adic étale cohomology of X for p # ¢ (treated as a Gal(@/ Fp)-
module), and the rational crystalline cohomology of X when p = £. We define H ; (X, Z(n)) =
[1 H}, (X, Z¢(n)), where H, (X, Z¢(n)) denotes {-adic €tale cohomology of X if £ # p, and
syntomic cohomology of X if £ = p. The second term appearing in our formula, often called
“Milne’s correcting factor,” is defined as p to the power of y (X, Ox, n), which itself is defined
as

X(X,0xm = > (=)™ (- HR(X, Q) (1.2)
0<i<dim(X),0<j<n

The first term, this y (X Z (n), e), which is well-defined whenever n < 0 or n > dim(X),
agrees with the multiplicative Euler characteristic of RT'(X, Z(n)) when this complex has finite
cohomology groups. When the complex doesn’t have finite cohomology groups, under the
assumption of semi-simplicity, the chain complex induced by the action of ¢ € H' (Fp, Z) on
RT(X,Z(n)).

S HUX,Z(n) 25 HYY(X, Z(n) — ...

has finite cohomology groups, so the multiplicative Euler characteristic of this complex is well-
defined, which Milne defines to be y (X, Z (n), e) in [Mil86]. We will recall this construction
more formally in §2.1.

The formula from Theorem 1.1 was extended by Geisser in [Gei05] to hold for all finite
type schemes X/, (of dimension < d), under the assumptions of a conjecture of Beilinson,
Tate’s semi-simplicity conjecture, and that there is a strong form of resolution of singularities



in characteristic p (up to dimension d),' using an appropriate version of cohomology with
compact support. In the p # ¢ case, one could previously use compactly supported ¢£-adic
étale cohomology to describe the ¢-adic absolute value of the special value at integer points,
assuming Tate’s semi-simplicity conjecture once again. When one moves to the £ = p case,
the theory of compactly supported p-adic cohomology theories is much less well-behaved,
requiring the use of the so-called cdh topology which we motivate and recall in §4.2. While we
do not pursue studying the Weil-étale topology version at present, one should be able to remove
some assumptions from [Gei05] by making use of the category we call Arith® l (2).

§1.3. K-Theory to the Rescue. In order to get a formulation (and subsequent proof) of Theo-
rem 1.1 which does not rely on Tate’s semi-simplicity conjecture, we turn in §2.2 to defining, for
any Dedekind ring R, a category Arith’ 1 (R) of arithmetic C(S', R)-modules. We will only use
this in the case R = Z, here, but develop the general case as we believe it to be of independent
interest, especially for Weil-étale formulations of special value formulae and studying (possibly
non-semi-simple) representation of the absolute Galois group G, on perfect R-modules for
Dedekind rings R (e.g. R = F,[T]). The key property of this category allowing us to define
multiplicative Euler characteristics is summarized by the following theorem.

Theorem 1.2 (Theorem 2.14). The Oth algebraic K-group of Arith’' (R) is free abelian with
generators represented by classes [R/p] for height I primes p in R, together with a generator
[C(S',R)]. That is,

Ko(Arith® (R)) = Z - [C(S'. R)]e 5 Z-[R/pl.
peSpec(R) (o)
Specializing to the case R = Z,, for a prime q (either £ or p), we are able to define a version
of this multiplicative Euler characteristic y (—, ¢) (see also Definition 2.15).

Definition 1.3. We define the generalized multiplicative Euler characteristic
x(=e) : Ko(Arith®' (7)) — Q
as the abelian group map determined by sending [C(S!, Z4)] = 1and [Fy] = gq.

Using this, we will prove, by way of a general recognition principal in Theorem 2.13, that
¢-adic €étale cohomology and syntomic cohomology of smooth proper [F,,-schemes canonically
lift to Arith’S' (Z4) for g either £ or p, and we are able to recover the previous versions of the
multiplicative Euler characteristic y (—, ¢) whenever they make sense. In fact, we prove a bit
more than this.

Let Perf ((F,)ss, Z¢) denote the dualizable objects in Z,-modules on the étale site of F,-
perf
A

rf([Fp) denote the category of perfect prismatic F-gauges on a point. We prove the

that is, the bounded derived category of lisse Z,-sheaves on a point; and let F - Gauge

F- GaugeIX
following.

Theorem 1.4 (Theorems 2.17 and 2.26, Proposition 2.16). There are canonical lifts of
RTg, : Perf ((Fp)er, Z¢) — DP(Z¢), and  RTgy : F- Gaugezerf - D%(Z,)
to functors

RTg, : Perf ((Fp)er, Ze) — ArithS’ (Z¢) and Ry : F- Gaugezerf — ArithS’ (Zp).

"Which we will recall in Definition 4.13.



Moreover, given any complex A € Arith’' (Z¢) such that Milne’s multiplicative Euler charac-
teristic yM"¢ (A, e) is well-defined, we have that Y™ (A, e) = y(A, e).

Remark 1.5. These lifts carry slightly more information than the ordinary étale cohomology
would, but we argue that it is the right information to remember. Indeed, in order to define
Milne’s version of the multiplicative Euler characteristic yMi"®(A4, ¢), you need to remember
the action of cup product with e on the cohomology of A. For our theory, you roughly need
to remember the action of e itself on A considered in the derived category, before passing to
cohomology.

Remark 1.6. A version of these multiplicative Euler characteristics y(—, ¢) was defined in-
dependently by Mondal in [Mon25], motivated by questions about prismatic F-gauges, via
the so-called “stable Bockstein characteristic.” The stable Bockstein characteristic should pro-
vide an explicit model for computing our y(—,e) in the case of Definition 1.3, as long as
one remembers the full Z-action on a module rather than just the homotopy fixed points as
a C(S', Z,)-module (though in particular one should be able to take any lift of a C(S', Z;)-
module and use that to compute the stable Bockstein characteristic). Mondal’s results should
apply more generally, with minor modifications, to provide a model for computing the version
of the multiplicative Euler characteristic we define in Definition 2.15.

§1.4. Special Value Formulae in the Smooth Proper Case. With these results in hand, we
proceed to show how one can use linear algebra arguments to determine the g-adic valuations
of these special values of zeta functions, allowing us to provide a proof of Theorem 1.1 without
requiring Tate’s semi-simplicity conjecture. To be precise, we prove the following.

Theorem 1.7. Let X be a smooth proper F,,-scheme. Then, for any integer n, we have that
(X, 5) ~ 2x (X, Z(n), ) pX X Oxm) (1 = p"=)=on

as s — n. Here )((X,Z(n),e) is defined to mean [],cp x (X, Z4(n), €) for primes q, with
Z¢(n) denoting integral {-adic étale cohomology, and Z ,(n) denoting syntomic cohomology.

Proof. This comes from combining Theorems 3.7 and 3.2 in the case n < 0 or n > dim(X),
and Theorems 3.4 and 3.13 in the case 0 < n < dim(X). |

Remark 1.8. We note that the above proof for n < 0 or n > dim(X) is already due to Milne
via Theorem 1.1, and does not require our generalized version of the multiplicative Euler
characteristic. Also under the assumption of Tate’s semi-simplicity conjecture (or even the
weaker assumption S” (X, €)), this simply recovers Milne’s theorem 1.1.

Remark 1.9. The results above in the p-completed case, specifically Theorem 3.13, have
appeared previously in work of Mondal [Mon25] under a different guise, using a stable Bockstein
characteristic defined in loccit as opposed to our generalization y(—, Z,(n),e). Although
Mondal does not pursue it in [Mon25], one should also be able to recover a variant of Theorem
3.4 using his stable Bockstein characteristic in place of our generalized multiplicative Euler
characteristic.

Remark 1.10. The proof of Theorem 1.7 applies not only for zeta functions attached to
smooth proper [, -schemes, but for those attached to some suitably nice category of “motives”

on Spec(F,), at least defined such that My € Perf ((F,)s, Z¢) for primes ¢ # p, and M, €
perf

F- GaugeA

in some natural way. By virtue of having a generalized Euler characteristic defined



for arithmetic C(S', R)-modules over any Dedekind ring R, this should allow one to even
perform similar techniques integrally, and perhaps even for generalizations to “motives with
coeflicients in nice enough rings.”

§1.5. Special Value Formulae for Finite Type [,-Schemes. In §4, we move away from the
smooth proper case, and focus on proving special value formulae for arbitrary finite type [,-
schemes. When ¢ # p, the analogue of Theorem 3.4 works on the nose, using compactly
supported étale cohomology, and we can prove, without assuming Tate’s semi-simplicity con-
jecture,

Theorem 1.11 (Theorem 4.2). Let X be any finite type [F,-scheme. Then, RU¢; (X, Z¢)¢ has a
canonical lift to Arith’’ (Z¢), and we can compute

IC(X,n)|;' = X(RT(X, Z¢(n))c, €),

where C(X, n) is the rational number such that [ (X, s) ~ (1 = p"~*)™PnC(X,n) as s — n, for
On the order of the pole of { (X, s) at s = n.

Remark 1.12. Inthe presence of Tate’s semi-simplicity conjecture, this was studied (in a slightly
different guise) by Geisser in [Gei05], and under this assumption, our result reduces to the “£-
adic completion of his result.” Geisser worked with the Weil-étale topology, studying all primes
at once, whereas we do it one prime at a time. The correct multiplicative Euler characteristic to
use to recover Geisser’s results without Tate’s semi-simplicity conjecture would be the integral
variant defined in Definition 2.15.

When we move to the case £ = p, we do not get nice compactly supported syntomic/Hodge
cohomology groups, and it’s not even immediately obvious how to define such compactly
supported cohomology groups in the first place. We will use this fact to motivate the cdh
topology, defined originally by Suslin and Voevodsky in [SVO00], and it provides a way to
discuss “compactly supported cohomology.” Under an assumption of strong resolution of
singularities (in dimension < d), one can prove special value formulae for general finite type
[,-schemes (of dimension < d) using cdh descent. The best we can do absent resolution of
singularities, using only cdh sheafifications, is summarized by the following theorem.

Theorem 1.13. Let G C Schg;o‘p be the smallest subcategory of proper [Fj,-schemes which
contains all smooth proper [F,-schemes X for which the map induced by sheafification

RT(X, WQ/NZ*WQ) - L.gn RT(X, WQ/NZFWQ), (1.3)

is an equivalence, and which has the property that given an abstract blowup square

zZ — X

Lo

zZ — X

with any three of the displayed schemes in G, then the fourth is as well.
Then, for any finite type F,-scheme U having a compactification U — X, with closed
complement Z, such that X,Z € G, x((LcanZ,(n))c(U), e) is well-defined, and we have

ICWU,mI," = x(LeanZp(m)e(U), ) x ((LeanWQ-/NZ"WQ)(U)).  (1.4)



Proof. This follows from Theorem 4.12, using work of Elmanto-Morrow [EM23, Corol-
lary 6.5], proving that the natural map

Rrsyn(X, Zp (I’l)) - LcthFsyn (Xa Zp (I’l))
is an equivalence for every smooth proper [,-scheme X. O

Remark 1.14. Under the assumption of a strong form of resolution of singularities in character-
istic p, and Tate’s semi-simplicity conjecture, the class G contains all proper [,-schemes, and
the result above effectively reduces to a result of Geisser in [Gei05]. In §4.2, we will indicate
in more detail how our results relate to those of Geisser (see Corollary 4.14).

The strongest possible result we could prove absent full resolution of singularities would
be if we knew that the maps

RT(X, WQ/NZ*WQ) — Lean RT(X, WQ/NZFWQ)

were equivalences for every smooth proper [F,-scheme X and every k. This would follow for
instance (and is in fact equivalent to) an analogous claim for Hodge cohomology- that

RI(X,Q/) — L.qn RT(X,Q7)

is an equivalence for every smooth proper [F,,-scheme X. Similar results before taking derived
functors have been proven by Huber-Kelly [HKK18] (see also Ertl-Miller [EM19]).

Nevertheless, we can still improve upon Theorem 1.13 absent resolution of singularities.
Namely, recent work of Annala-Pstragowski [AP25] and Annala-Hoyois-Iwasa [AHI24] con-
structs a motivic spectrum representing RI"(—, Q/), whose A!-colocalization, which we denote
by the dagger notation RT'(—, (Q/)"), agrees with the original spectrum on smooth projective
[,-schemes. Since Al-invariant motivic spectra determine cdh-local cohomology theories by
[Kha24] and [Cis13], we can prove the following theorem without any assumption on resolution
of singularities or Tate’s semi-simplicity conjecture.

Theorem 1.15 (Theorem 4.18). Let G’ C SchELOp be the smallest full subcategory of proper
[, -schemes which contains all smooth proper [(,-schemes X such that

RI(X, (Q)T) - RI(X,Q))

is an equivalence for all j, and which is closed under the three-out-of-four for abstract blowup
squares (4.4). Then for any finite type [F,-scheme U which has a compactification U — X with
closed complement Z such that X,Z € G’, we have

_ .
ICWU. )5 = x(LeanZp(m)e (V). e) - p¥U-Cvmi
where

X(U,0u,m)! = Y (=) (n = )x(RT(WU, (@)").).
j=0

In particular, if we can find a smooth projective compactification of U with smooth projective
complement, this formula applies.

§1.6. Conventions and Notation. We freely use the theory of (stable) co-categories in the
sense of Lurie [Lurl7] and [LurO8]. In particular, all derived categories will be assumed to
be derived co-categories, so that we can take co/limits, and module categories over Eq-rings



will be taken to mean module spectra over said rings. When discussing certain sheaves on

schemes X such as the Kéhler differentials Qg( /£, We will often abusively identify Q{( /E, with

RI'(X, Qg( /[F,,) € DP(F,), since we will only ever really deal with cohomology in this paper.
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§2. MULTIPLICATIVE EULER CHARACTERISTICS

In this section, we recall some standard homological algebra arguments used throughout
this paper, simultaneously introducing some notational conventions we choose to take. A major
player in this paper is the multiplicative Euler characteristic for certain complexes.

§2.1. Classical Multiplicative Euler Characteristics. We begin by recalling the classical
story of multiplicative Euler characteristics. We discuss the story only for complexes defined
over the integers Z, but with the obvious modifications one can make sense of this with the
p-adic integers Z,, replacing Z everywhere, which will be what we primarily use in this paper.

Definition 2.1. Let A € D”(Z) be a complex the bounded derived category of Z, such that
the cohomology group H(A) is a finite abelian group for all i € Z. The multiplicative Euler
characteristic y(A) is defined by
x(a) = [ [1H ()Y,
ieZ
where |H'(A)| denotes the order of the (finite) group H'(A).

Since we assumed A was in the bounded derived category of Z, H'(A) = 0 for |i| >
0, so that this multiplicative Euler characteristic is well-defined. We record an immediate
consequences of this definition,

Lemma 2.2. Let A — B — C be a fiber sequence in D?(Z) with A, B, C all having finite
cohomology groups, such that their multiplicative Euler characteristics are defined. Then we
have that y(B) = x(A) x(C).

Proof. This follows from the long exact cohomology sequence and counting cardinalities of
images/kernels. O

One fact we will have to make use of in order to relate our correction factor to Milne’s is
how the multiplicative Euler characteristic interacts with finite filtrations. Recall the following
definition from [BHS22, §Appendix B] and [Lurl7, §1.2.2], to which we refer for further
details.

Definition 2.3. A filtered object in D(Z) (resp. a general stable co-category C) is a functor
F*: 7 - D(Z)

(resp. F* : Z= — () from the integers considered as a poset to the derived co-category D(Z)
(resp. C). We say that F* is a finite filtration on a complex A € D(Z) it F* = 0forn < 0
sufficiently small, F"* ~ A for n > 0, and the transition maps F" — F"*! are equivalences for
alln > 0.

Definition 2.4. Given a filtered object F* : Z= — D(Z), the nth associated graded piece of
F*, denoted gr" (F), is given by the cofiber cofib(F"~! — F™).

Now we come to the main proposition that will be used to compare our correction factor to
Milne’s.

Proposition 2.5. Suppose A € D(Z) is equipped with a finite filtration F* : Z< — D" (Z)
such that for all n € Z, F™* € D?(Z) has finite cohomology groups, so that multiplicative Euler
characteristics can be defined for each of these complexes. Then the same is true of gr'* (F), and

x(4) = [ [ xte"(F)).

neZ



Proof. By our assumption that F is a finite filtration, gr” (F) is zero for almost all n, so that the
product on the right is well-defined. The result now follows from Lemma 2.2 and induction,
using the fiber sequence F""~! — F" — gr"(F) to write

X (F") = x (F" " x(er" (F)),
where we use that F" = (O for n < 0 to begin the induction. O

Now, there are two major pieces of notation from the introduction that we have yet to explain.
If we have a presheaf F : Schg’ol’ — DP(Z) which on a particular scheme X is such that
F(X) has finite cohomology groups, we will sometimes write y (X, F) to mean y (F(X)). This
leaves only the notation x (X, Z,(n),e) = x(Z,(n)(X), e) from the statement of Theorem 1.1.
We define this now, as it will be important for describing special values at poles of £ (X, s).

Definition 2.6. Suppose that A € D”(Z) is an arbitrary complex, equipped with a map
e : A - X7'A with ¢* ~ 0. Assume further that the cohomology groups of the complex
(H*(A), e) induced from e:

LS H(A)S HT A S L

are all finite. Then we define the multiplicative Euler characteristic of the pair (A, e) to be the
multiplicative Euler characteristic of the complex (H*(A), ¢) built from the action of e, that is

X(A,e) = l_l |HY ((H*(A), e))| Y

jezZ
We make the following observation.

Lemma 2.7. If A € D?(Z) has finite cohomology groups, then for any map e : A — X7 'A
with e =~ 0, y((A,e)) = x(A).

Proof. The ith cohomology group of the complex (H*(A), e) is given by
ker(e : H (A) — H'™"'(A))/im(e : H~'(A) - H(A)).
Since these are all finite groups, we have that
|H'((H*(A), )| = |ker(e : H'(A) — H™'(A))| - |im(e : H™'(A) - H'(A))|™".
Furthermore, again since H(A) is a finite group, we have that
[H'(A)] = [ker(e : H'(A) > H'™ (A)] - [im(e : H'(A) — H™ ' (A))].
Putting these together, we find that

x(a) = [ )=V

ieZ

= [ [1xer(e: H'(A) - B (A)] D" im(e: H(A) —» H* (4|
ieZ

= [ 1ker(e: H'(A) - H*'(A)| D" - Jim(e: H'7'(A) - H(A)| D"
ieZ

: : , . : (=D
= ]_[ (lker(e: H'(A) —» H*'(A))| - |im(e: H™'(A) > H(A))| 1)
ieZ
= [1H (A, I = w(ase,
ieZ

as claimed. O



§2.2. A K-theoretic Variant. Our goal now is to redefine a version of y (A, e) that will make
sense for certain complexes A € D?(Z) equipped with a square-zero map e : A — XA, even
when the definition 2.6 does not necessarily make sense. For the complexes we consider in the
sequel, the map e : A — XA arises from a module structure for A over the E,, — Z—algebra
Zh? = C(S',Z),> which has H (C(S',Z)) = Z if i = 0,1 and 0 otherwise. What we would
like to say is that y (—, e) is additive along fiber sequences whenever it is defined, and it satisfies
the 2-out-of-3 property for being defined on C(S', Z)-modules. Unfortunately, this claim is
simply false, as we have the cofiber sequence

>-lc(s!,z) - ¢(S',72) - N,

using notation from [Mat16, §3.3], where H!(N,) = Z if i = 0, 1, and is zero otherwise, but
where naturality forces e to act as 0 on H'(N,). Explicitly, N, arises as the homotopy fixed

1 1 .
points V2 where V ~ Z @ Z, and Z acts on V through the matrix [ 0 1], that is to say, N,

witnesses a failure of semi-simplicity for the Z action on V.

Thus, we are forced to consider an alternative. To motivate our following definition, we
reinterpret the multiplicative Euler characteristic from definition 2.1. Recall that a bounded
complex A € D?(Z) has finite cohomology groups if and only if A lives in the full subcategory
Perf(Z)iors of Perf(Z), which arises as the kernel of the localization functor Perf(Z) —
Perf(Q). We note the following.

Lemma 2.8. There is an equivalence on K-theory groups Ko(Perf(Z)ors) = @peﬂj’ Z, where
P denotes the set of primes, with [, generating the p-indexed copy of Z. Moreover, there
is a unique group homomorphism y* : Ko(Perf(Z)wrs) — QX such that given a complex
A € Perf(Z)ors, representing the class [A] in Ko, x(A) = x5 ([A]).

Proof. The first claim is standard. To define yX, it suffices to define it on free generators of
Ko, which we do by stipulating that yX (Fp) = p. By using the structure theorem for finite
abelian groups, the fiber sequences Z/p"~'Z — Z/p"Z — Z/pZ, and that any complex
of Z-modules is quasi-isomorphic to its cohomology, we conclude that for A € Perf(Z)ors,

x(A) = x®([AD). O

This lemma allows us to justify conflating the maps y and yX.

When trying to adapt this to multiplicative Euler characteristics attached to complexes with
a map, we almost want to replicate the above lemma with Perf(C(S', Z)) replacing Perf(Z)ors.
This however, does not quite work, since once can use work of Burklund-Levy [BL21] to show
that Ko(Perf(C(S',Z))) = Ko(Z) = Z, generated by the unit. Luckily, this category is also
not the correct one to look at, since, if we take the £-completed analogue, RTs, (X, Z,(n)) is
very rarely perfect over C(S', Z,) even for X smooth proper. In fact, going so far as to even
take X = Spec([F,,) to be a point, this étale cohomology will fail to be perfect over C(S!, Z,)
for general n. Thus, we enlarge the category Perf(C(S!,Z)) slightly in order to define our
generalized Euler characteristics.

Since the following constructions hold in suitable generality, we will state them for an
arbitrary Dedekind domain R in place of Z (or Z,), specializing to these cases later when
defining our generalization of the multiplicative Euler Characteristic.

20r rather, in our cases, C(S',Z p), but again we proceed with the integral construction noting that it works
exactly the same in the p-complete world.
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Definition 2.9. Let R be a Dedekind domain. The category of arithmetic C(S', R)-modules is
defined as the smallest full thick stable subcategory ArithS' (R) € Mod(C(S', R)) of C(S', R)-
modules which contains both Perf(C(S', R)) and R/p for all height 1 primes p € Spec(R).

Let’s define some explicit perfect modules over C(S', R), following the discussion in
[Mat16, Construction 3.19], from which we borrow the notation. The following modules are
meant to capture the information of “Jordan blocks.”

Definition 2.10 ([Mat16] Construction 3.19). For m > 1, let N,,, denote the C(S', R)-module
obtained by taking the homotopy fixed points (V,,,)*Z for V,,, = R[x]/x™ in homological degree
0, where a generator o € Z acts through the automorphism 1 + x of V,,,.

We now prove these modules actually are in fact perfect, and sit in rather convenient fiber
sequences.

Lemma 2.11. The module N,,, has
R ifi =0,-1

0 otherwise.

7i(Nm) = {

Moreover, taking the map X~ 'C(S', R) — N,, picking out a generator of m_1(N,,), we have a
cofiber sequence

2 'C(S',R) = Ny — N1

In particular, since Ny ~ C(S', R), the modules N,, are perfect for all m > 1.

Proof. It suffices to show the existence of the claimed cofiber sequences. Note that, for m > 1,
there is a Z-equivariant fiber sequence

x
Vm - Vm+1 - Vl,

where VlhZ ~ C(S',R). Since taking homotopy fixed points is exact, this leads to a fiber
sequence

Ny = N1 — C(SlaR),

and the long exact sequence in homotopy groups induced from this shows that the map
> 'C(§',R) — N,, induced from this fiber sequence picks out a generator of 7_;(N,,),
as claimed. m]

Corollary 2.12. The direct limit of the system defined by the maps in the previous lemma is R,
considered with the trivial action, that is

li_r)n(...—>Nm—>Nm+1—>...)zR.

Proof. This can be seen by using commutation of homotopy groups with filtered colimits, but
we provide another argument as well. The functor (—)"Z is a finite limit, and in particular
commutes with colimits since we work in a stable co-category. Thus,

lim Ny = (lim V)" = (R[x*!]/xR[x])"* = R.
o
Since ArithS' (R) is defined a little abstractly, we record the following key criterion for

checking that a module A € Mod(C(S', R)) lives in Arith’’ (R).
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Theorem 2.13. ]Let A € Mod(C(S', R)) be a module over the E,-ring C(S', R). Then we have
that A € Arith® (R) if and only if 7, (A) is a finitely generated (graded) R-module and A ®g F
is perfect over C(S', F), where F is the fraction field of R.

Proof. Since every A € Arith’' (R) is built out of taking cofiber sequences and suspensions
from R/p for height 1 primes p, and perfect C(S', R)-modules through R-linear maps, and all of
these have m.(—) given by finitely generated graded R-modules, we find that 7. (A) is a finitely
generated R-module too. In fact, we even have that the forgetful functor Mod(C(S', R)) —
D(R) maps ArithS' (R) to Perf(R). Similarly, when rationalizing, R/p g F ~ 0,50 A ®gr F
is built out of cofibers and suspensions from 0 and perfect C(S L F )-modules, i.e., A ®g F is
perfect.

Conversely, suppose we are given some A € Mod(C (S, R)) with finitely generated co-
homology groups such that A ®g F is perfect. Choose some perfect C(S', R)-module P with
P ®r F =~ A ®g F, which we can construct explicitly using e.g. the classification of perfect
C(S!, F)-modules from [Mat16]. Fixing an equivalence

N ®R F ;) A ®R F3
and composing with N — N ®g F, we obtain a map
N—>A®rF

which becomes an equivalence after rationalization. Since

~~~~~~

is a filtered colimit along multiplication maps witnessing this localization, and N is a compact
object in Mod(C(S', R)), we find that N — A ®g F lifts to a map N — A which becomes an
equivalence after rationalization. In particular, we can form

B := cofib(N — A),

which is the cofiber of a map from a perfect module to A, so in particular is in Arith® 1 (R) if
and only if A is. Since B rationalizes to zero, and has homotopy groups finitely generated over
R, we find that . (B) is a finitely generated torsion R-module.

Our claim now reduces to checking that if B € Mod(C(S', R)) is such that 7.(B) is a
finitely generated torsion R-module, then B € ArithS' (R). For this, we can induct on the length
of m,.(B), which is finite by the classification theorem for torsion modules over a Dedekind
ring. For m.(B) having length O, this is trivial since B = 0. In general let i be the smallest
integer such that ;(B) # 0, which exists since 7. (B) is finite length. Choose a decomposition
mi(B) =~ R/p{'®...®R/p}* forn; > 0 and p; height 1 prime ideals of R (possibly not distinct).
Since we necessarily have k > 0 (or else m;(B) = 0, contradicting out choice of 7), we can
consider a class b € 7;(B) generating the cyclic submodule R/ p'l”, and for easy of notation set
p = p;. Consider the map X'C(S!, R) — B picking out this class b € 7;(B). Suppose we have

. b
constructed a map X' N,, — B which induces R — m;(B) on homotopy groups. Then, we note
that the composite

>~1c(s",R) -» ='N,, > B
picks out a class in ;1 (B), which is zero by our choice of i. Thus we can extend this to a map

; L. b . ..
>'Ny+1 — B which induces the map R — 7;(B) on 7;. Passing to the colimit over m, we have

12



. b
constructed a map 'R — B which induces R — x;(B) on ;. Since b € m;(B) generates a
module of the form R/p,™, this map extends to a map on the localization

S'R(p) 2 B.
Now, the localization Ry is a PID, so that there is a class x € R(y) generating p, and we find
that x"! maps to zero under b, allowing us to extend this last map to

Y'R/p™ — B,
inducing the map R/p™ — ;(B) on x;. Now, the cofiber of this map, C := cofib(Z‘R/p™ —
B) has torsion homotopy groups as well, finitely generated as a R-module, and

length(x,.(C)) = length(x..(B)) — ny,

by our construction. By induction, since n; > 0, C € Arith® 1 (R), so that B € Arith® 1 (R) as
well. O

Roughly speaking, our goal with this definition is to include both complexes where “some
variant of e” can be used to remove the torsion-free part (in particular we do not want to include
the C(S', Z)-module Z), but also allow for torsion modules where e acts as zero (hence the
inclusion of ).

Now, we prove the main theorem which will allow us to define “y (A, ¢)” for arbitrary
A € Arith®' (Z), and similarly for g-completed variants.

Theorem 2.14. We have that K()(ArithsI (R)) = (EBpESpeC(R)(()) Z) ® Z, where the extra copy

of Z is the image of a canonical splitting Ko(C(S', F)) — I(O(Ari‘[hsl (R)). Each copy of Z
indexed by a height 1 prilme p in the big direct sum has the distinguished generator given by
the class of R/p € ArithS (R).

Proof. For the first claim, note that the localization sequence
ArithS' (R)wors — ArithS' (R) — Perf(C(S', F))
induces an exact sequence
K1(C(S', F)) — Ko(ArithS' (R)wr) — Ko(ArithS' (R)) — Ko(C(S!, F)).

By [BL21, Theorem 1.1], K;(C(S', F)) ~ K;(F) for i > 0, which follows from the facts that
C(S', F) is a coconnective [E;-ring (which is even E.), mo(C(S', F)) = F is a field (and is in
particular regular coherent), and 7_1(C(S', F)) is of course flat over this field. Next, note that
Arith’’ (R)tors has orthogonal generators R/p for height 1 primes p, and?

End, st oy (RIP) = End, ot (RP) = R/plx] @ Z7'R/plx],

is a coconnective E;-ring given by a polynomial ring over a field in degree zero with a free
module in degree —1. By Schwede-Shipley [Lurl7, Theorem 7.1.2.1] and [BL21, Theorem
1.1], we have that

Ko(Arith® (Ryer) = € Ko®RplD = Pz

peSpec(R) (o) peSpec(R) (o)

3For instance by first localizing at p to reduce to the case where R is a PID, or merely using that fractional ideals
are projective over a Dedekind ring.
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with the p-indexed copy of Z generated by the class represented by R/p. To prove our desired
claim, it suffices to show that the map Ko(ArithS l(R)mrs) — Ko(Arith® l(R)) is injective,
or equivalently that the map K;(C(S', F)) — Ko(Arith® ] (R)tors) 1s the zero map, and that
Ko(ArithS1 (R)) — Ko(C(S', F)) has a canonical splitting. To do this, we examine the following
commutative diagram of stable co-categories

Perf(C(S', R))iors — Perf(C(S', R)) ——> Perf(C(S!, F))
ArithS' (R)iors ———— ArithS' (R) —— Perf(C(S', F)).

This induces the following commutative diagram in K-theory, with exact rows

K1(C(S', F)) — Ko(Perf(C(S!, R))iors) —> Ko(C(S',R)) —> Ko(C(S', F))
Ki(C(S', F)) —— Ko(ArithS (R)iors) — Ko(Arith®' (R)) — Ko(C(S', F)).

Using [BL21, Theorem 1.1] again, we find that Ko (C(S', R)) ~ R, and that the map Ko(C(S', R)) —
Ko(C(S', F)) is an isomorphism, providing the canonical splitting Ko(C(S!, F)) — Ko(C(S',R)) —
Ko(ArithS' (R)) of Ko(ArithS' (R)) — Ko(C(S', F)). Similarly,

Perf(C(S] ) R))tors

has orthogonal generators C(S!, R/p) for height 1 primes p of R, with

R/p ifi =0,-2
7 (Endpere(c(51.R) )ors (C(S', R/P))) = {R/p & R/p ifi=-1
0 otherwise.

This is again a coconnective [E;-ring, with 7y given by a field, and 7_; necessarily flat over it,
so [BL21, Theorem 1.1] applies, and again using a Schwede-Shipley argument, we find that

Ko(Perf(C(S", M)er) = € Z,

peSpec(R)(o)

with the p-indexed copy of Z generated by (R/p)"% = C(S', R/p). To show that K{ (C(S', F)) —
Ko(ArithS' (R)rs) is the zero map, it suffices to show that Ko (Perf(C(S', R))iors) — Ko(ArithS' (R)iors)
is the zero map. We have an explicit description of this map, as it takes the free generator (R/ p)hZ

to its class [(R/p)hz] € I(O(Ari'[hsI (R)tors)- To compute what this class is, we simply use the

fiber sequence

27'R/p — (R/p)"* — R/p,

which tells us that in K,

[(R/p)"“] = [R/p] + [£7'R/p] = [R/p] - [R/p] =0,

as desired. O

Specializing now to the case R = Z, this leads us to define
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Definition 2.15. Let y(—,¢) : Ko(Arith® ] (Z)) — Q* be the group homomorphism which
takes the class of the unit to 1, and takes the class represented by [, to p. For any complex

A € ArithS’ (Z), we often write y (A, e) for y([A], e).

Finally, we show that given A € ArithS 1 (Z) such that the induced actionof e € 7_; (C(S', Z))
on A satisfies the hypotheses of Definition 2.6, then this agrees with the variant of the multi-
plicative Euler characteristic defined there.

Proposition 2.16. Consider any A € Arith® l (Z), and denote by e the operatore : A — XA on
the underlying bounded chain complex of Z-modules (which we abusively also denote by A).
Suppose that the cohomology groups of the chain complex (H*(A), e) are all finite. Then the
multiplicative Euler characteristic x (A, e) from definition 2.6 agrees with the value y([A], e)
of the K-theory class represented by A under the map in definition 2.15.

Proof. First suppose that A has finite homotopy groups, such that A € Arith® 1 (Z)tors- In this
case, we can use that, under the forgetful functor ArithS 1 (Z) — Perf(Z), A lands in the full
subcategory Perf(Z)ors, and the induced map Ko(ArithS : (2)tors) — Ko(Perf(Z)iors) — QF
agrees with Ko(ArithS1 (2)tors) — Ko(ArithS] (Z)) — Q*, so that xy(A, e) agrees with y(A)
by Lemma 2.7.

Now, suppose that A is not necessarily torsion, but such that (H*(A), e) has finite cohomol-
ogy groups. Then by [Mat16, Proposition 3.21], A ®7z Q must decompose as a sum of shifts of
N (using that N; fori > 1 come from an action which is inherently not semi-simple). Picking a
perfect C(S', Z)-module V and a map V — A becoming an equivalence rationally, we find that
x(A,e) = x(cofib(V — A), e), and one can check by hand that y(cofib(V — A), e) agrees
with the multiplicative Euler characteristic of the complex (H*(A), e). O

We will henceforth simply write y (A, e¢) to mean y ([A], ), that is, our map applied to the
K-theory class represented by A.

§2.3. Adaptation to £-adic cohomology. We explain now how to adapt the constructions in
§2.2 to £-adic étale cohomology and syntomic cohomology, in order to define y (RI' (X, Z,(n)), e)
in the appropriate settings. Here we work with the £-completed variant of Arith’ l (Z), which
we denote by Arith® l (Z¢), defined as the full stable subcategory of Mod(C(S', Z,)) generated
by perfect complexes and Fy. By Theorem 2.14, we have that

Ko(Arith® (Z0)) = Z - [Fl @ Z - [C(S", Z0)].
This allows us to again define a multiplicative Euler characteristic via the group homomorphism
x(=.€) : Ko(Arith® (Z,)) — @

taking [F,] to £ and [C(S', Z,)] to 1.
We consider the category

Perf ((Fp)sr, Z¢) ~ Fun(BZ, Perf(Z;))

of {-adic sheaves on the étale site of [, which are perfect as underlying Z,-modules, that is,
the bounded derived category of lisse Z, sheaves on a point. The main result of this subsection
is the following.
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Theorem 2.17. There is a natural lift of the functor
(=)"% : Perf ((Fp)er, Ze) — Perf(Ze)
to a functor
(—)"% - Pert ((Fp)er Z¢) — Arith®' (Z).

Proof. The functor (—)"Z is lax symmetric monoidal by [Lur17, Corollary 7.3.2.7] as it is right
adjoint to the symmetric monoidal functor

(_ triv

Perf )—> Perf((Fp)er, Ze).

The module structure over the unit, Z, with the trivial action, combined with this lax symmetric
monoidality, gives us a canonical lift

(=)"2: Perf((Fp)er, Ze) — Mod(C(S', Zy)).

It suffices to show that the image lands in Arith® 1 (Zy).
Let A € Perf((Fp)¢:, Z¢) be arbitrary. Since specifying A is the same as specifying a perfect
Z p-module with a Z-action, the long exact sequence attached to the fiber sequence

A7 4 2% 4,

where o € Z is a generator, tells us that A”Z is such that 7,(A"?) is finitely generated. By
Theorem 2.13, it suffices now to show that A% ®z, Q¢ is perfect over C(S 1. Q¢). Note that

AhZ ®z, Qp = (A ®z, @[)hz

so we reduce to studying the functor
(=)"% 2 Perf((Fp)er, @¢) — Mod(C(S', Qp)).

But by Jordan decomposition, we can decompose A ®z, Q, as B @ C, where a generator o of
Z acts on B as a generalized o = 1-eigenspace, and 1 — o is invertible on C. In this case,

(A ®z, @[)hz ~ B"Z g Chz,

where C"% ~ (, and B"Z decomposes as a sum of shifts of modules of the form N, ®z, Qg,
which are in particular perfect, giving the claim. O

This leads to the following corollary, which will be crucial when proving special value
formulae in the absence of Tate’s semi-simplicity conjecture.

Corollary 2.18. If X is a smooth proper [,-scheme, then for any n € Z, there is a natural lift
of R4 (X, Z¢(n)) to ArithS (Z).

Proof. This follows by the previous theorem using the facts that
— hz
RTe(X, Ze(n) = (RTe (X, Zem))

and
RT4 (X, Z(n)) € Perf((Fp)er, Ze),

whenever X is a smooth proper [F,-scheme, e.g. by [Mil12, Theorem 19.1]. O
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§2.4. Adaptation to p-adic cohomology. When we move to the world where ¢ = p, it turns
our the right system of coefficients to look at is that is no longer p-adic étale cohomology, but
rather that of prismatic F-gauges, arising from work of Drinfeld and Bhatt-Lurie. We refer to
[BL22] and [Mon25] for a more formal discussion of prismatic F-gauges, but for the purposes
of this paper, we content ourselves with the following.

Roughly speaking, the category F - GaugeIXrf =F- Gaugeerf(Spec([Fp)) of perfect pris-
matic F-gauges (on a point) is the category of graded perfect Z,-modules M", equipped
with maps t : M° — M"' and u : M° — M such that ut = tu = p, equipped
with equivalence M[1/u] — M[1/t]. To be more formal about this, consider the graded
ring Z,[u,t]/(tu = p) € Gr(D(Z,)) with u in degree 1 and ¢ in degree -1. We can talk
about graded perfect modules over this ring, defining a category Perf®” (Z, [u,t]/(tu = p)),
which is the category of dualizable objects inside the symmetric monoidal category of graded
Zplu,t]/(tu = p)-modules. The following makes explicit the category of perfect prismatic
F-gauges on a point, implicitly using the formal GAGA from [BL22, Lemma 3.4.11].

Definition 2.19. The category F—GaugeIXrf of perfect prismatic F-gauges is defined as the
pullback of stable co-categories

f
F—Gauge‘f — Perf$ (Z,[u,t]/(tu = p))

l l(—)[l/u]ea(—)[l/r]

Perf(Z ) &) Perf(Z,) ® Perf(Z)).

That is, a prismatic F'-gauge consists of the data of a perfect graded Z,[u, t]/(tu = p)-module
M together with an equivalence

—
u

¢ :limM =M™ — M~ =lim M,
t

which we suggestively write as a Frobenius, in Perf(Z ).

Remark 2.20. Asindicated prior to the definition, this category we define is really that of perfect
prismatic F-gauges on Spec([F,), which s to say, perfect complexes on the syntomification ",
with this notation taken from [BL22]. For the scope of this paper, we will assume we are always
working in this category, largely ignoring how we got here, so we have need only to examine
these coefficients on a point.

Before we prove the analogue of Theorem 2.17, let’s record some basic statements about
prismatic F-gauges.

Definition 2.21 ([BL22], Definition4.4.1). If N € F- Gaugefxrf, we define the syntomic complex
of N as

Rl (N) = HomF_Gaugeer(]l,N) € D(Zp),

where 1 is the unit object in F - Gaugezerf.
Lemma 2.22 ([BL22], Remark 4.2.8). Under our description from 2.19, the syntomic coho-

mology of a given M € F - Gaugezerf is computed by

RTyyn(M) = fib(M® =2 Mm{1/1)),

where t° : M® — M~ = M[1/t] and u® : M® — M> = M|[1/u] are the canonical
inclusions.
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Proof. This follows from the pullback square in the definition. O

Lemma 2.23 ([BL22], Proposition 4.5.1). IfN € F- GaugeIer, then RTsyn(N) € D(Z,,).

perf

A
to the category Fun(BZ, Perf(Q,,)) of group representations of Z on perfect Q,-complexes. In

particular, RTUsy, (=) [1/p] identifies with

Lemma 2.24 ([Mon25], Proposition 2.9). The rationalization F - Gauge',” [1/p] is equivalent

(-)"% : Fun(BZ,D"(Q,)) — D*(Q)).

Lemma 2.25 ([BL22], Remark 4.2.7). There is a symmetric monoidal functor Fun(BZ, D (Z p)) —

F- GaugeXrt which induces an equivalence on endomorphism objects for the unit.

Proof. This follows from the Riemann-Hilbert correspondence in [BL22, Remark 4.2.7], to
which we refer for a more formal presentation, where we identify Fun(BZ, D?(Z p)) with the
bounded derived category of lisse Z,-sheaves on [,. To give an ad libbed description of the
functor, it can (roughly) be described explicitly by fixing a generator o of Z, then proceed
by taking a perfect Z,,-module M to M' = M, t : M" — M~ is the identity if i < 0, and
multiplication by p for i > 0, while u : M* — M*! is the identity for i > 0, and multiplication
by p for i < 0, where finally we let ¢ : M[1/u] ~ M — M =~ M[1/t] be the map . O

With these preliminaries in hand, we can now prove.
Theorem 2.26. The functor
Rlgyn(-) : F- Gaugezerf — Db(Z,)
lifts canonically to a functor

Rrsyn(_) tF- Gaugezerf - ArithSl (Zp)

Proof. Using that Rl sy, is right adjoint to the symmetric monoidal functor

~ &z, Zplu,1]/(tu = p) : D*(Z) > F-Gauge!™,

it is again lax symmetric monoidal, so it lifts to a functor

Rl : F- Gaugezerf — Mod(RTgyn(1)).

Using Lemma 2.25, we find that Ry, (1) = C(S Lz ), and it remains to show that the image

of RIgyn(—) lands in Arith’' (Z ). This in turn follows by Theorem 2.13, using Lemma 2.23,
and 2.24, along with the fact that

(-)"% : Fun(BZ, D" (Q,)) — Mod(C(S',Q)))
lands in the subcategory of perfect modules. O

Corollary 2.27. For any smooth proper scheme X [Spec(F,), there is a canonical lift of
RT4yn (X, Z,(n)) to an object in Arith’' (Zp).

Proof. This follows by [BL22, Remark 4.2.3], which gives us that the prismatic F-gauge
Hsyn(X) attached to a smooth proper F,-scheme X lands in F—Gaugeperf, combined with
2.26. O
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§3. SPECIAL VALUES OF { FUNCTIONS

In this section, we will provide a linear algebraic proof of Milne’s Theorem 1.1. To motivate
our constructions, we recall how Bayer and Neukirch produce a formula for |£ (X, n) |, for smooth
proper [,,-schemes X when ¢ # p, and where {(X, s) has no pole at n (which holds e.g. for
n < 0orn > dim(X)), but we will proceed with a version of the proof due to Schneider. We will
then proceed by a similar proof to recover Schneider’s results at 0 < n < dim(X) without the
need for Tate’s semi-simplicity conjecture, via a method that works for non-semi-simple Galois
actions (in particular, with zeta functions appropriately defined, extending these formulae to
coefficients in Perf ((F,)s, Z¢), where there are many examples of Frobenius actions which
fail to be semi-simple). Finally, we will explain how to use similar linear algebraic observations
to adapt this style of proof to the £ = p case.

§3.1. Schneider’s proof in the £ # p case, with n < 0 or n > dim(X). Let X be a smooth
proper [F,,-scheme, and fix a prime ¢ # p. Suppose that n < 0 or n > dim(X), so that {(X, s)
does not have a pole at n. Recall by the proof of the Weil conjectures, [Gro64] we have that

2dim(X)

f(X, S) = 1_[ det(l _ ¢P_S|H2t(y, Q[))(—l)“’]’
i=0

where ¢ denotes the Frobenius operator acting on the absolute ¢-adic étale cohomology of X.
In order to determine the ¢-adic absolute value |£ (X, n)|¢, it suffices to determine

|det(1 — op™"[HL (X, Q)¢

for each 0 < i < 2dim(X). Since (X, s) does not have a zero or a pole at n (by the Riemann
Hypothesis proven by Deligne [Del74]), 1 — ¢p™" is an invertible operator on each finite-
dimensional QQ¢-vector space Hé . (X, Q). The key linear algebra observation is the following

Lemma 3.1. Let V be a finite dimensional Qe-vector space equipped with an automorphism
p V. —V, and assume that there is a Z ¢-lattice L €'V with p(L) C L. Then

| det(plv)le = IL/p(L)] ",
where |L/p(L)| is the order of the finite group L/p(L).
In our setup, we nearly have a perfect choice of distinguished Z,-lattice: integral étale
cohomology, which is finitely generated by [Mil12, Theorem 19.1]. The reason we have to say
nearly is due to the possible existence of torsion. Nevertheless, we can proceed roughly as if this

were a non-issue. The following theorem was first proved by Bayer and Neukirch in [Neu78],
but the proof we provide is adapted from Schneider [Sch82, Theorem 5].

Theorem 3.2 ([Neu78], [Sch82]). Let X be a smooth proper [F,-scheme, { # p a prime, and
n € Z such that either n < 0 or n > dim(X). Then, we have that

1£(X,n)|;' = x(RTe (X, Ze(n))),

where Z¢(n) is the nth Tate twist of Z¢.

Proof. Using equation (1.1), we have that

2dim(X)

Xoml = [ Idet(l - ep~|HE (X, @)l
i=0
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Now, by Lemma 3.1, using the Z,-lattice
H.,(X,Z)/tors € H,(X,Qy),

we find that
2dim(X)

_ - e -1)!
ml =[] Idet(l - op~"|HL, (X, @)l
i=0
2dim(X) )i+t

= 1_[ |(H2t(Y,Zg)/tors) /(1 —pp " (H;t (X, Zg)/tors))|
i=0
Thus, our claim reduces to showing that the RHS agrees with the multiplicative Euler charac-
teristic x (R'¢; (X, Z¢(n))). Indeed, the complex RI'; (X, Z¢(n)) is obtained by the homotopy
fixed points of the Frobenius action on RUs:(X,Z¢(n)), where ¢ acts as ¢p~" would on
RTs: (X, Z¢). That is to say, we have a fiber sequence

RT4(X.Zs(n)) — R (X. Z0) =225 RT4(X. Z0).
Looking at the induced long exact sequence on homotopy groups, we decompose
Hé,l (X,Z;) ~ Hét(Y, Z¢)/tors @ tors
in such a way that the torsion-free summand maps to itself under 1 — ¢p~". Then,
| ker(1 — @p~"|tors)| = | coker(1 — ¢p~"|tors)|,

which implies that the torsion summand contributes groups of equal size to H (RTs; (X, Z¢(n)))
and H*'(RTs;(X, Z¢(n))), canceling out the contribution to the multiplicative Euler charac-
teristic. Thus, the only contribution we see to y (R4 (X, Z,(n))) is from
R 1— -n . —
coker(H', (X, Z¢) Jtors ——=— H', (X, Z;)/tors),

injecting into H*!'(RTs; (X, Z¢(n))), thus contributing a factor of
-1 i+l

‘(HZI(Y, Zg)/tors) /(1 —pp " (Hét (X, Zg)/tors))|

to Y (RIs;(X, Z¢(n))). Since this is the case for all i, we conclude that

2d1m(X) ) _ ) _ (_1)i+l
¥ RT(X.2,00) =[] |(H5 K zo)ptors) /(1 - ep~ (M, (Ko Zo) o))
i=0
as claimed. O

§3.2. The case £ # p with 0 < n < dim(X). If 0 < n < dim(X), there might be a pole
of £(X,s) at the integer n, so we cannot ask for a value of /(X,n). Instead, we note that
[(X,s) ~C(X,n)- (1 —p"*%)™Pn as s — n, for p, the order of the pole at n, and C(X, n)
a fixed rational number, the value of which we can study. Now, in [Sch82], assuming Tate’s
semi-simplicity conjecture, Schneider was able to show (albeit in a slightly different language)

Theorem 3.3 ([Sch82], Theorem 5). Let X be a smooth proper scheme over [, and suppose
that Tate’s semi-simplicity conjecture holds for X. Then, taking e to be cup product with the
Euler class, we have that

IC(X,n)|;" = x(RTs (X, Ze(n)), e). 3.1)
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Using our extension of the multiplicative Euler characteristic to ArithS' (Z)¢, and Theorem
2.17, we can remove the assumption of Tate’s semi-simplicity conjecture, allowing us to prove.
Theorem 3.4. Let X be a smooth proper scheme over Fp,. Then, considering RU¢; (X, Z¢(n)) €
ArithS' (Z¢), we have that

IC(X,n)|;" = x(RTs (X, Z¢(n)), e). (3.2)

Proof. Our goal is to attempt to argue as in Theorem 3.2, except now we run into a problem:
there might exist a pole of {(X,s) at s = n. By the Riemann hypotheses proved in [Del74],
the existence of such a pole is equivalent to the operator 1 — ¢/p™ failing to be invertible on
the Q-vector space Hgf (X, Q). We can decompose the generalized ¢ = 1-eigenspace of the

action of ¢ on R (X, Q¢(n)) into Jordan blocks, which allows us to take indecomposable
summands W1, . .., Wi of this generalized eigenspace (which are really Q-vector spaces shifted
into the appropriate homological degree), which include Z-equivariantly into RTs; (X, Qg (n)).

We may choose V; a Z,-linear Jordan block for ¢ = 1 of the same rank as W;, and consider
the Z-equivariant map

Vi = W; = RT4 (X, Q¢ (n)).
Since V; is a compact object in Perf ((Fp)er, Z¢), and
RT (X, Q¢(n)) = colim RT¢, (X, Z,(n)),

we may lift this map to a map V; — RTs; (X, Z,(n)) which is equivalent to the inclusion of the
Jordan block W; after rationalization. Doing this fori = 1, ..., k, we get a Z-equivariant map

k
st @ Vi = RUs (X, Z¢(n)).
i=1
Let

k
M(X) := cofib(s: @ Vi — R, (X, Ze(n))) (3.3)
i=1
denote the cofiber of this map. We note that

k
M(X) ®z, Qr = RTe (X, Qc(m) /P Wi,
i=1

is such that the action of Frobenius has no ¢ = 1 fixed points, so that 1 — ¢| M) [1/¢] is
invertible, and the same argument in Theorem 3.2 tells us that

[ ]1detCt =@l el = x(MO)").

ieZ
Since the left hand side is equivalent to the inverse of the £-adic absolute value of C(X, n), it
suffices to show that y (RT¢ (X, Z¢(n)), e) = x(M(X)"%, ¢). Applying homotopy fixed points
for Z to the defining fiber sequence (3.3), we get a fiber sequence in Arith’ 1 (2)¢:

k
VI = RT4 (X, Z0(n) - M(D. (3:4)

1
i=1
Since VihZ is a perfect C(S', Z;)-module, )((Vihz, ¢) = 1, and since our multiplicative Euler
characteristic is multiplicative along fiber sequences, we find that

X(RT¢ (X, Zp(n)), e) = x(M(X)"%, e),
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as desired. O

Remark 3.5. In the previous theorem, nowhere did we explicitly use that R4, (X, Z,(n)) €
Perf ((l]:p)ét, Zg) came from a smooth proper scheme X, and indeed this theorem works more
generally (when the zeta function is defined by the formula (1.1) on rationalized cohomology
groups) for any M € Perf ((F),)¢:, Z¢), which in particular can be chosen to have Galois action
which is not semi-simple on the generalized ¢ = p"-eigenspace of the rationalization.

§3.3. The case { = p with n < 0 or n > dim(X). We now turn our attention to mimicking
Schneider’s argument in the setup where £ = p. Immediately we encounter problems, since
p-adic étale cohomology is not well-behaved, nor does it satisfy the analogue of (1.1). The
correct version of p-adic cohomology to look at turns out to be crystalline cohomology, after a
proof of [Lub68]. This takes us to our next issue, since for n > 0, we should not expect there
to exist a Z ,-lattice L € H, érys (X, Q) which is mapped to itself under the action of 1 — ¢/p".
Instead, we need to make the following modification.

Lemma 3.6. LetV be a finite dimensional Q,-vector space, equipped with an invertible linear
map p : V — V. Suppose further that we are given two Z ,,-lattices L' € L C 'V in'V such that
p(L") C L. Then we have that

| det(p)lp = IL/p(L)™" - IL/L].

With this observation in hand, we can start to ask what the lattices L and L’ could be
represented by in cohomology. There turns out to be a very natural choice for these “lattices,”
the so-called Nygaard filtration on crystalline cohomology. We will use the variant discussed
in [BMS19, §8] (see also [11179]), defined by the sub-complex

NZ"WQx = p" 'VWOx — p"PVWQL .. - VWQE — wQlL ..,

where V denotes the Verschiebung operator. There is a divided Frobenius map ¢, := ¢/p" :
NZ"WQyx — WQy, giving us a natural candidate to take the place of our lattice L’. The map
denoted by “1” in the following is the map induced by the filtration N="WQy — NZ0WQy ~
WQyx. We define

Z,(n)(X) :=fib(1 — ¢, : NZ"WQx — WQx), (3.5

the syntomic complex of X. Note that by [BMS19], this agrees with the complex WQ% log [—n]

defined by Milne in [Mil86]. This filtration allows us to prove the following result, originally
due to Milne, using only “linear algebra.”

Theorem 3.7 ([Mil86], Theorem 0.1). Let X be a smooth proper [Fp,-scheme, and n € Z such
that either n < 0 or n > dim(X). Then, we have that

1Z(X,m),! = X (RTsyn(X, Z,(0))) - x (WQx/NZ"WQx).

Proof. From the fiber sequence (3.5) defining Z,(n)(X), we find that we have a long exact
sequence

. . 1- n . .
> H'(X,Z,(n)) — H (X, N*"WQy) —= H'(X,WQx) — H*'(X,Z,(n)) > ....

Since X/, is smooth and proper, its crystalline cohomology groups H'(X, WQx) are finitely
generated Z ;,-modules, and vanish fori > 0 andi < 0, by [BO15] (see also e.g. [Sta25, Remark
60.24.12]). In particular, modulo torsion, H* (X, WQy) and H' (X, NZ"WQx) give two lattices
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contained in H (X, WQx ®7 » Qp), such that 1 — ¢, induces a map between them. The torsion
submodules H' (X, WQx)tors, H (X, N Z"WQx )iors contribute a factor of

. . _1)i+l
(1H (X, W )rors |/ |H (X, NZ" WK rors) TV

to x (X, Z,(n)). From the long exact sequence

.- H (X, NZ"WQx) — H' (X, WQx) — H' (X, WQx/NZ"WQx) — H (X, NZ"WQx) — ...

we find that the torsion submodules also contribute a factor of
(|H (X, WQx)ors| /| H (X, NZ"WQx )iors|) ™'

to x (WQx/N>"WQyx) (where now we are taking a cofiber instead of a fiber, causing this
off-set by 1 in the sign of the exponent). These two terms will cancel out in the product
X (X,Zp(n))x (X, WQx /N="WQx), allowing us to focus only on the torsion-free quotients of
H (X,WQyx) and H (X, N="WQyx).

At this point, Lemma 3.6 together with our the same style argument from Theorem 3.2
prove the claim. O

To show how this relates explicitly to Milne’s formula , we use the following lemma.

Lemma 3.8. The multiplicative Euler characteristic of the crystalline cohomology of X modulo
the nth step in the Nygaard filtration is equal to Milne’s correction factor pXX-0xm \ith
x (X, Ox, n) defined as in (1.2). That is,

X (WQy/NZ"WQy) = pX X-0xm)

where
dim(X) n

X(X.0xm) = 37 D (=DM (n = PR (X, Q).

i=0  j=0

Proof. The Nygaard filtration induces a finite filtration on WQyx /N ="WQyx, whose graded
pieces can be identified via [BMS19, Lemma 8.2], with

NZing/WQZiHWQX = TSigx/[Fp.

Thus, by Proposition 2.5,

n-1 n-1
X (WQx/NZ"WQy) = | [ x(WHWax/wa*'wex) = | | x(t%'Qxye,).
i=0 i=0

Each complex TSiQ)(/[FP has a finite filtration on it, induced by the Hodge filtration, with
graded pieces Q;( /F) [—j] (which we abusively identify with RI'(X, Q;( /Fy [—j]) using our
conventions), giving us

x(@x,) = | [ (@ 11D
j=0

. ] dim(X i\ (—1)k+ i i k J
Since x(Q ) = MMy [H (X, Q1™ and |HH(X.Q))] = pimee (IO <
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k(X9 .
e ), we can put this all together to get

n—-1 i

X(WQx [NZ"WQy) = ]‘[w ‘) = [ ] | 0@y, -1
i=0 j=0
n—1 i dim(X) -1 i dim(X)

T wtoague ST TT oo

i=0 j=0 k=0 i=0 j=0 k=0
S B (=) (= 1) (X,Q7)
b

:

~.

=p
as desired. O

§3.4. A digression on prismatic F-gauges. As opposed to Theorem 3.4, where we can note
that our argument for the étale cohomology of a scheme X adapts equally well to a general
coefficient in Perf (([Fp)ét, Zg) (see Remark 3.5), we have to be a bit more careful when ¢ = p,
especially with encoding the data of the Nygaard filtration. This is where the theory of prismatic
F-gauges from [BL22] enters into the picture. Let M € F- Gaugeperf as in Definition 2.19. It
will be convenient to make the following definition in the special case that 1 — ¢ is fixed point
free on M[1/p], or equivalently that RI'sy, (M) has torsion homotopy groups.

Definition 3.9. Let M € F- GaugeIXrf be such that 1 — ¢ is an equivalence on M[1/p]. Then

we define the zeta value
(_1 )i+l
(o) =[] (el = gl (MI1/pD))
ieZ
Remark 3.10. The above is just the value at 0 of the zeta function attached to the F-gauge M

defined in [Mon25], and we only define it here when there is no pole of Mondal’s zeta function
at zero.

Before proceeding, we need to identify the analogue of Milne’s correction factor for a
general perfect prismatic F-gauge. We record the following

Proposition 3.11. The exact functor

F-Gaugelff — D(Z,), M > M[1/1]/M°

has image contained in torsion modules, and in particular y(M[1/t]/M°) is always well-
defined.

Proof. The canonical inclusion M® — M[1/t] is a map between perfect Z p-modules which
is an equivalence after inverting p, therefore the cofiber of this map is a torsion module in
Db(Z,). O

We can now prove a slightly more general analogue of Theorem 3.7, which is a special case
of a theorem due to Mondal [Mon25, Theorem 1.1].

Theorem 3.12. Let M € F- GaugeXrf be a perfect prismatic F-gauge, such that RUsy, (M) has
finite cohomology groups, so that x (RT'sy,(M)) is defined. Then

1Z(M)]," = x(RTgyn(M)) - x (M[1/1]/M°).
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Proof. We proceed as in the proof of Theorem 3.7. In this case, we note that the “lattices” in
M|[1/p] we want to take are represented by M" € M[1/t]. The map

—p=t"—¢ou™: M’ - M[1/t]

is well-defined between these “lattices,” with fiber RI'sy,(M). The correction factor coming
from “|L/L’|” we get out of the cofiber of the canonical inclusion of “lattices” is measured by
the cofiber

M[1/1]/M° = cofib(¢® : M[1/t] — MY).

By the same arguments as in Theorem 3.7, we have that

1(M)],' = x(RTgyn(M)) - x(M[1/1]/M°).

O

§3.5. The case £ = p and 0 < n < dim(X). We now prove the analogue of Theorem 3.4
for the case £ = p, using the same style proof, while keeping track of the modifications that
were required for Theorem 3.7. If X satisfies Tate’s semi-simplicity conjecture, the following
theorem is due to Milne [Mil86, Theorem 0.1]. The main result of Mondal [Mon25, Theorem
1.1] provides an alternative approach to the following theorem, using the stable Bockstein
characteristic in place of our generalized multiplicative Euler characteristic y (-, e).

Theorem 3.13. Let X be a smooth proper [Fp,-scheme, and 0 < n < dim(X) an integer. Then,
we have that

12X, m),! = X (RTgn(X, Z,p(m)), €) - x (WQx /NZ"WQx).

Proof. We proceed similarly to the proof of Theorem 3.4, taking a Jordan block decomposition
@le Wi — RI¢y5(X,Qp(n)) for the fixed points of Frobenius under this map. We can
construct integral prismatic F-gauges V; € F - Gaugeperf which even lie in the image of the étale
realization map from Lemma 2.25 which rationalize to W;. For a given map V; — W; in the big
category of prismatic F-gauges, since the unit is compact in this category (and V; is in the full

subcategory generated of F - GaugelX’rf by the unit), V; is also compact, so writing

. P
RTerys (X, Qp (1)) = lim ( .. > RU,(X.Z,){n} & Ry (X, Z,){n} — ) ,
. k k
we find that the composite P;_, Vi — Rl ¢ys(X, Qp(n)) factors over some map P,_, V; —

RT')\ (X, Zp){n}. Letting M (X) similarly to the p # ¢ case be the cofiber in perfect prismatic
F-gauges of the map we just defined,

M(X) := cofib

k
@ Vi— RFA(X’ Zp){”}) )

i=1
we find that, since Ry, : F- Gaugezerf — Arith’S' (Zp) is exact, and y (RTsyn(Vi), e) = 1, we
have

X(Rrsyn(M(X))a e) = X(Rrsyn(Xs Zp(n))’ 6),

the complex RIgy,(M (X)) is finite, and M(X)[1/p] is the cofiber of the inclusion of the
generalized eigenspace for ¢ = 1 on RI'¢,ys(X, @, (n)), so the same proof as in Theorem 3.12
shows that

IC(X,n)|,' = ¥ (RTyn(M (X)), ) x (M (X)[1/1]/M(X)°).
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Since (=)[1/t]/(-)° : F- Gaugezerf — Db(Z p)tors 18 exact, and it vanishes on each V;, we have
also that

x(M(X)[1/t]/M(X)°) = x(RTp (X, Zp){n}[1/t]/RTp (X, Z ) {n}") = x(WQx/NZ"WQx),
as desired. Since the determinant of 1 — ¢ away from the generalized ¢ = 1-eigenspace of

Rl ¢rys(X, Qp(n)) agrees with the determinant of 1 —¢ on M (X)[1/p], the claim is shown. O

Remark 3.14. The proof above used nothing special about the F-gauge attached to a smooth
proper [F,,-scheme. In particular, defining the zeta function attached to a perfect prismatic F-
gauge as in [Mon25, Definition 3.2], one can run the same proof as above to provide an alternate
approach to Mondal’s main theorem [Mon25, Theorem 1.1].
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§4. THE FINITE TYPE CASE

§4.1. The p # £ case. We may ask what can happen when we want to extend beyond the case
of X being smooth proper. When we look for the analogue of Theorem 3.2, it turns out that
compactly supported étale cohomology is all we need to use. To be precise, recall that

Lemma 4.1 ([Mil12], Theorem 29.8). For any finite type [F,-scheme X,

2dim(X)

(xo= [ (det(i-ep i@ an))
i=0

where H'.(—, Q¢) denotes the compactly supported €-adic étale cohomology of X.

One particular feature of this construction is that
RFét (Y’ Zf(n))c € Perf (([Fp)ét, Zf) s

which follows e.g. from [Mil12, Theorem 19.1], and the definition of compactly supported
cohomology. Therefore, we can apply the machinery of §2 on the nose. We now prove.

Theorem 4.2. Let X be any finite type [F,-scheme. Then, RU's;(X, Z¢). has a canonical lift to
ArithS' (Z¢), and we can compute

IC(X,n)|;' = x(RT(X,Z(n)), e).

Proof. The first claim follows from Theorem 2.17 combined with our observation that RT s, (Y, Z¢)e €
Perf ((Fp)er, Z¢). The claim now follows by the same proof as in Theorem 3.4 (see also Remark
3.5). O

Remark 4.3. The above should follow with more work assuming Tate’s semi-simplicity con-
jecture, using the theory of alterations [Jon96], and, assuming the semi-simplicity conjecture,
is roughly the ¢-adic completion of the results of Geisser in [Gei05].

§4.2. The p = ¢ case. We can try to generalize the previous subsection to the case £ = p, but
this becomes significantly harder. First of all, there’s not a very good natural notion of compactly
supported crystalline/syntomic cohomology, which is typically constructed out of a six functor
formalism. One can work with a variant of solid quasicoherent sheaves on various stacks
presenting these cohomology theories, which allows for compactly supported cohomology
to be defined, but taking for example the affine line A!, the compactly supported prismatic
cohomology on A! defined in this way is infinite dimensional, even rationally. One fix for
this is to use a rational p-adic cohomology theory called rigid cohomology (cf [LS07]), which
provides a good theory of compactly supported cohomology, but has no good integral version
satisfying étale descent [AC22], so is wholly insufficient for our purposes (though there are
proposals for such theories which do not satisfy étale descent) cf [ESS25] under the assumption
of resolution of singularities, and [Mer25] without it.#

The solution we opt for in this paper is to define compactly supported cohomology not by
way of six functor formalisms, but by explicitly enforcing the properties we want to hold. More
precisely, consider a finite type [,-scheme U, choose an open immersion U — X into a proper
[F,-scheme X (that is, a compactification), with closed complement Z. If our cohomology

4 Although it appears both theories use the cdh topology anyways.
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theory is given as a presheaf F : Schft %P — C on finite type F,-schemes, valued in a stable

oco-category C, we would like to be able to define the compactly supported cohomology of U as:
Fe(U) = fib(F(X) — F(Z)). 4.1

Attempting to run this as is, for instance taking F to be rational crystalline cohomology
Rl ¢rys(=/Q)), this compactly supported cohomology is not well-defined, in part since F is
not nil-invariant, and we never specified Z had to be in the reduced subscheme structure. There
are more interesting reasons for which it can fail to be well-defined also.

In order to make a well-defined theory, we need to ensure that our compactly supported
cohomology is independent of a choice of compactification. This motivates us to introduce a
condition which will ensure such independence: abstract blowup excision. Recall the following
definitions due to Voevodsky [Voe08].

Definition 4.4. We say that an abstract blowup square is a pullback square of finite type
[F,-schemes

Zl % X/
\Lq \Lp “4.2)
7 _’> X

with p is proper, i a closed immersion, and such that p induces an isomorphism X’\Z’ — X\Z.

Definition 4.5. Consider a presheaf F : Schft %P C landing in a stable co-category C. We

say that F satisfies abstract blowup excision 1f it takes any abstract blowup square (4.2) to a
cartesian square in C.

The following proposition tells us that presheaves satisfying abstract blowup excision allow
us to make our desired definition (4.1) in the desired manner.

ft,op

Proposition 4.6. Suppose that F : Sch — C is a presheaf valued in a stable co-category

C which satisfies abstract blowup exczszon Take a finite type [Fj,-scheme U, together with a
compactification U — X with closed complement Z. Then the isomorphism class of the object

Fe(U) = fib(F(X) — F(Z))
depends only on U.

Proof. Suppose we have two compactifications U — X and U — X’ of our given scheme U.
Replacing X7 by the closure of U mapping in via the diagonal to X x X’ if necessary, we may
assume without loss of generality that U — X factors as U — X’ — X. Let Z = X\U, and
Z' =Zxx X' = X’\U. The map X’ — X is proper, and X’\Z’ ~ U ~ X\Z. That is to say, we
have an abstract blowup square

zZ — X

Lol

7z — X.

Since F was assumed to satisfy abstract blowup excision, applying it to this abstract blowup
square yields a cartesian square in C
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F(X) — F(2Z)

l l

F(X') —— F(Z').

A cartesian square in a stable co-category induces an equivalence on the fibers of the horizontal
morphisms, inducing an equivalence fib(F(X) — F(Z)) — fib(F(X’) — F(Z’)). This
shows that the compactly supported cohomology of U defined with respect to X is isomorphic
to the compactly supported cohomology of U defined with respect to X’, proving the claim. O

This tells us what kinds of presheaves we can define compactly supported cohomology
for, but we are interested in defining this for cohomology theories which expressly do not
satisfy abstract blowup excision. In order to rectify this issue, we must change the value of
our cohomology theory at least on some schemes, and one way we go about this is through
sheafification with respect to a topology whose definition (due to Suslin-Voevodsky [SV00])
we now recall.

Definition 4.7. The cdh topology on Schthp is the Grothendieck topology generated by Nisnevich
covers and covers of the form {Z [ [ X" — X} whenever

ZI H Xl

Z—— X
is an abstract blowup square. Given a Nisnevich sheaf F : Schft %P C valued in a stable
oo-category C, we will write L4, F for the sheafification of F w1th respect to the cdh topology.

This leads to the following observation, which in our setup is due to Voevodsky (see also
[Elm+20, Proposition 2.1.5] for a precise reference and generalization):

Proposition 4.8 ([Voe08]). A Nisnevich sheaf F : Schft P C valued in a stable co-category
C is a cdh sheaf if and only if F satisfies abstract blowup excision in the sense of Definition 4.5.

Now, before relating this back to special values, we make a few simple observations which
will be crucial in proving the main theorem of this subsection.

Proposition 4.9. Suppose U is a finite type [Fj,-scheme, and we are given a compactification
U — X with closed complement Z. Then {(X,s) = {(U,s) - {(Z,s).

Proof. Recall that £ (X, s) is the holomorphic extension of the product series [] .« X ) W
where this converges, where X q) is the set of closed points in X, and |«(x)| is the size of the
residue field x(x) at the point x. Since the open-closed decomposition U — X « Z induces a
decomposition Xy = U(o) LI Z(0), the claim follows. O

Proposition 4.10. Suppose we are given an abstract blowup square

Z’HX’

Lo

zZ — X
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of finite type F ,-schemes. Then
{(Z,s) - L(X' ) =L(X,5)- {(Z',5).
Proof. By Proposition 4.10, we note
S(XN\Z',s) = L(X',5)[4(Z,5),

and

{(X\Z,s) = {(X,9)/L(Z,5).
Since X’\Z’ ~ X\Z, the result follows. O

We record one last observation to show that the cdh sheafification of a sheaf F : Schft P

ArithS' (R) is not much different than the cdh sheafification of F : Schlct P _, pb (R) for a
Dedekind ring R (such as R = Z, Z;). In particular, if a map from a leneV1ch sheaf to its cdh
sheafification considered as a functor to D?(R) is an equivalence on smooth (or smooth proper)
schemes, then this remains true for the cdh sheafification of our sheaf considered as landing in
Arith’’ (R). This will follow from the following general claim.

Proposition 4.11. Let F : C°P — Arith® l(R) be a presheaf on a site (C,T)l, valued in the
category of Arithmetic R-modules for some Dedekind ring R, and let i : ArithS (R) — DP(R)
be the forgetful functor. Then, letting L (=) be the T-sheafification functor, we have i o L F =
Li(ioF).

Proof. Since i : Arith® l (R) — DP(R) preserves all limits and colimits, and detects equiva-
lences, it follows that i o L, (F) is a 7-sheaf. The right adjoint to this functor is given by taking
a t-sheaf G : C°? — D?(R) to the presheaf L. Homg(C(S', R), G(-)) valued in ArithS' (R).
Since C(S',R) ~ R @ X~!(R) as an R-module, we have

i(Homg(C(S',R),G(-))) ~ G @ =g,

which is a finite colimit of sheaves. Since our sheaves are valued in a stable co-category, this is
already a 7-sheaf, so that

L. Homg(C(S',R),G(-)) =~ Homg(C(S', R),G(-)),

and this functor is equivalent to first forgetting G to a D? (R)-valued presheaf and then applying
Hompg (C(S', R), —), which itself is right adjoint to L. (i(—)). Since any two left adjoints to a
given functor are equivalent, we get an equivalence L, (i(-)) = i(L.(-)). O

We now come to the first theorem of this section.

Theorem 4.12. Let G C Schpmp be the smallest subcategory of proper [, -schemes® which
contains all smooth proper [, schemes X for which all of the maps induced by sheafification

Z,(n)(X) = (LeanZ,(n))(X) and RIT(X,WQINZ*WQ) — Legn RT(X, WQINZ*WQ),
(4.3)

are equivalences, and which has the property that given an abstract blowup square

SWhich we take by convention to include the empty scheme.
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77— X
Lo
zZ— X

with any three of the displayed schemes in G, then the fourth is as well.
Then, for any finite type F,-scheme U having a compactification U — X, with closed
complement Z, such that X,Z € G, x((LcanZp(n))c(U), e) is well-defined, and we have

ICWU,mI," = x(LeanZp(m)e(U), ) x (LeanWQ-INZ"WQ)(U)). (4.4

Proof. To begin, we prove that (4.4) holds for all X € G, where properness ensures that the
compactly supported cohomology of X agrees with the value on X of the cdh-sheafification of
our cohomology theory. Note that for any smooth proper scheme X such that the maps (4.3) are
equivalences, the claim follows by Theorem 3.13.

Consider the class of proper [F,-schemes for which we have the formula (4.4), and such that
(LeanZp(n))(X) € ArithS' (Z,) lives in ArithS' (Z,). We claim that this class is closed under
3-out-of-4 for abstract blowup squares, which combined with our observation that it contains
smooth proper [F,-schemes such that the maps (4.3) are equivalences, will show it contains all
of G. Indeed, take an abstract blowup square

Z/ H Xl
Z—— X
with any three of the schemes satisfying the formula (4.4). By Proposition 4.10, we have that

g(z9 S) : Z;(X”S) = g(z’wg) : {(X’ S),

and then so too with £(—, s) replaced by {(—, n) or C(—, n). For any cdh sheaf F, such as our
given cdh sheafifications of interest, the cdh excision condition takes our abstract blowup square
to a cartesian square. This induces a fiber sequence

F(X) > F(Z)e F(X') > F(Z').

If F: Sch[thl’jOp — D(Z)) is such that three out of the four sheaves pictured above have finite
cohomology groups, so does the fourth, and

X(F(X)) - x(F(Z) = x(F(X)) - x(F(2)),
giving the correction factor part of (4.4). If F : Sch®>® — Mod(C(S!,Z p)) is such that three
out of the four C(S', Z p)-modules we get from an abstract blowup square land in ArithS' (Zp),

then so does the fourth, as ArithS l (Zp) is stable. In this case, the fiber sequence also gives us
that

X(F(Z),e) - x(F(X'),e) = x(F(X),e) - x(F(Z), ).
We find that, as these two product formulas agree with the formula we get from Proposition
4.10 for the zeta functions, and the C (X, n) are definitionally nonzero, the fact that three out of
four schemes satisfy (4.4) implies the fourth does as well, proving the claim for every X € G.
Finally, we conclude by following essentially the exact same argument with fiber sequences.
Take for any U as in the statement, any chosen compactification U — X with closed complement
Z such that X, Z € G. For the two cdh sheaves F we consider, the defining fiber sequence

Fe(U) - F(X) = F(Z)
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tells us that
X((LeanZp(m)e(U), ) = x(LeanZ p(n)(X), €) - x(LeanZ p(n)(Z), €)™,
and
X (LeanWQ-INZ"WQ)e(U)) = X (LeanW Q- [NZ"WQ_ (X)) x (LeanWQ-/NZ"WQ_(Z))™".
Then using the formula we derive from Proposition 4.9,
ICU. ;' =1CX,m),'1C(Z, ),
combined with our previous observation that (4.4) holds for X and Z, proves the claim. O

In [Gei05], Geisser essentially proves that the formula (4.4) holds in general under a strong
resolution of singularities assumption, together with an assumption of Tate’s semi-simplicity
conjecture (although Geisser works globally with the Weil-étale topology as opposed to prime
by prime). The resolution of singularities property is the following.

Definition 4.13 ([GeiO5], Definition 2.4). We say that strong resolution of singularities up to
dimension d holds, denoted R(d), if:

1. Every finite type integral separated scheme X over [, of dimension < d admits a proper
birational map ¥ — X with ¥ smooth (necessarily of the same dimension as X).

2. Every proper birational map between smooth schemes of dimension < d is refined by a
sequence of blowups along smooth centers.

We now show how to get an analogous result under similar assumptions at the prime p. If
the conjectures laid out in the introduction of [Gei05] are true for schemes of dimension < d,
the following recovers Geisser’s result when completed at the prime p.

Corollary 4.14. Assume that R(d) holds. Then for any finite type F,-scheme U of dimension
dim(U) < d, we have

ICU, ;" = x((LeanZp(0)e(U), ) x (LeanWQ-[NZ"WQ_), (V).

Proof. We proceed by induction on dimension, noting that the claim holds easily for zero dimen-
sional schemes where Lq, (F)(X) = F(X"¢?). Suppose we are given any proper [F,-scheme X
of dimension < d. Geisser proves [Gei05, Theorem 4.7] that under R(d), the comparison maps
(4.3) on the de Rham version are equivalences for all smooth proper schemes X of dimension
< d, which passes to the de Rham-Witt case modulo the Nygaard filtration by using the finite
filtration on it induced by the Nygaard filtration, and then the Hodge filtration on the filtration
quotients. Since the syntomic version of the comparison map is an equivalence for all smooth
proper schemes X unconditionally by [EM23, Corollary 6.5], G contains all smooth proper
schemes of dimension < d. We can take irreducible components X1, ..., X,, of X and form the
abstract blowup square

7z ——> U?:l Xi

|

zZ — X,

<_



where Z = U;%;X; N X; C X has dimension strictly smaller than d. By induction, Z,Z" € G,
so X € G if and only if X; € G for all i, and thus we may assume without loss of generality
that X is irreducible. By using the cdh cover X — X™¢, we may also assume that X is reduced,
hence integral. Now, choose some smooth proper [F,-scheme Y of dimension dim(X) which
is birational to X, existing by our assumption that R(d) holds. By picking some explicit opens
U <€ X isomorphic to V C Y and letting W be the closure of the image of the diagonal map

A
U — X XY, the following abstract blowup square

Z — W

L]

Z’HYa

shows that W € G, using our inductive hypothesis since Z, Z’ have dimension < dim(X), and
all smooth proper schemes Y are in G. Now, the abstract blowup square

zZ —— W

[

Z/I H X,

together with induction again, shows that X € G as well.

Now, for any finite type [,-scheme U of dimension < d, choose a compactification U — X
with X of the same dimension as U. Then X\U and X are both in G, and the result follows by
Theorem 4.12. O

Remark 4.15. As mentioned above, the work of Elmanto-Morrow [EM23, Corollary 6.5] shows
that Z,(n)(X) = LeanZ,(n)(X) for any smooth (in particular smooth proper) F,-scheme X
without any assumption on resolution of singularities. This means that, up to the de Rham
factor, we almost know that the class G of proper [,-schemes where special value formulas
“work well” contains every smooth proper scheme.

While we do have strong resolution of singularities in low dimensions, the question of
resolving singularities in characteristic p remains an open question in general. Nevertheless,
recent advances in motivic homotopy theory provide a suitable replacement for Hodge cohomol-
ogy which exists as some cdh sheaf, and agrees with Hodge cohomology on smooth projective
schemes. Namely, we use the theory of A!-colocalization studied recently by Annala-Hoyois-
Iwasa in [AHI24], which was adapted to the Hodge cohomology setup by Annala-Pstragowski
in [AP25]. The main results we use are as follows.

Lemma 4.16. An A'-invariant motivic spectrum extends to a cdh sheaf on finite type Fp-
schemes.

Proof. This is due to Cisinski [Cis13], see also Khan [Kha24]. O
Proposition 4.17. There is a cdh sheaf
(@) (=) : Schg"™ — D(Z,),
equipped with a map
(@) (=) = (),
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such that for every smooth projective F,-scheme X,

(@) (X) - @/ (X)

is an equivalence.5

Proof. From the construction of the Hodge-filtered de Rham cohomology as a motivic spectrum
by Annala-Pstragowski in [AP25, Definition 3.13], which inherits a module structure over kgl,
one can apply the Al-colocalization procedure of Annala-Hoyois-Iwasa [AHI24], to get an
Al-invariant motivic cohomology theory representing Hodge-filtered de Rham cohomology
(which was studied in [AP25]). Using Lemma 4.16, and [AHI24, Proposition 6.21], we see that
the cdh-local cohomology theory on finite type [, -schemes defined by the Al-invariant motivic
sheaves (Q/)" agrees with the Hodge cohomology complex RT'(X, Q/) on smooth projective
[,-schemes X. O

Combined with the result of Elmanto-Morrow, this allows us to prove the following theorem,
which extends the results for special values of zeta functions to any finite type [, -scheme which
has projective compactification with projective complement (and even a little more).

Theorem 4.18. Let G C Schf;fp be the smallest full subcategory of proper F,,-schemes which
contains all smooth proper [,-schemes X such that

RI(X, (Q)T) - RT(X,Q))

is an equivalence for all j, and which is closed under the three-out-of-four for abstract blowup
squares (4.4). Then for any finite type [,-scheme U which has a compactification U — X with
closed complement Z such that X,Z € G’, we have

_ i

ICWU. ' = x((LeanZp(n)e(U), e) - p¥V-Ovme,

where
n . .
X(U,0p,m) = )" (1)) (n = )x(RT(U, (Q7)).).
j=0

In particular, if we can find a smooth projective compactification of U with smooth projective
complement, this formula applies.

Proof. This follows by the exact same proof as Theorem 4.12, using Lemma 3.8, noting now
that given an abstract blowup square (4.4),

XX, 0x,0)" + x(Z',02,n)" = x(X',0x,n)" + x(Z,02,n)",

and using once again the result [EM23, Corollary 6.5] that Z,(n)(X) =~ LcqnZ,(n)(X) for
smooth proper [F,-schemes X to remove the first hypothesis from Theorem 4.12. m]

SRecall we are abusively identifying Q/ (X) with RT(X, Q7).
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